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Lecture 1 - January 10
Syllabus & Introduction
Safety-Critical Systems

Code of Ethics of a Professional Engineer
Developing Safety-Critical Systems
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Lecture 2 - January 12
Introduction

Safety-Critical vs. Mission-Critical
Formal Methods, Industrial Standards
Verification vs. Validation
Model-Based Development
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Mission-Critical vs. Safety-Critical

Safety critical

When defining safety critical it is ben-
eficial to look at the definition of each
word independently. Safety typically
refers to being free from danger, injury,
or loss. In the commercial and military
industries this applies most directly to
human life.’ Critical refers to a task
that must be successfully completed
to ensure that a larger, more complex
operation succeeds. Failure to com-
plete this task compromises the integ-

rity of the entire operation. Therefor J#

a safety-critical application for an
RTOS implies that execution failure
or faulty execution by the operating
system could result in injury or loss of
human life.

Safety-critical systems demand soft-
ware that has been developed using a
well-defined, mature software devel-

opment process focused on producing
quality software. For this J'ery reason

42(120 3\§ ae‘ ,“lh‘

thé,_DO-17 ecification was cre-
ated. B defines the guidelines
for development of aviation software
in the USA. Developed by the Radio
Technical Commission for Aeronautics
(RTCA), the DO-178B standard is a
set of guidelines for the production of
software for airborne systems. There
are multiple criticality levels for this
software (A, B, C, D, and E).

These levels correspond to the conse-
guences of a software failure:

Level A is catastrophic

M| Level B is hazardous/severe
B Level Cis major

M| Level D is minor

, Level E is no effect

Safety-critical software is typically
DO-178B level A or B. At these higher
levels of software criticality the soft-
ware objectives defined by DO-178B
must be reviewed by an independent
party and undergo more rigorous test-
ing. Typical safety-critical applications
include both military and commercial

ﬂight, and engine controls.

Mission critical

A mission refers to an operation or
task that is assigned by a higher author-
ity. Therefore a mission-critical ap-
plication for an RTOS implies that a

failure by the operating system will

prevent a task or operation from being
performed, possibly preventing suc-
cessful completion of the operation as
a whole.

Mission-critical systems must also be
developed using well-defined, mature

software development processes. There-
fore they also are subjected to the
rigors of DO-178B. However, unlike
safety-critical applications, mission-
critical software is typically DO-178B
level C or D. Mission-critical systems
only need to meet the lower criticality
levels set forth by the DO-178B speci-
fication.

Generally mission-critical applications
include navigation systems, avionics
display systems, and mission command
and control.
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Building the product right?

Informal
Requirements

satisfies?

o

translated

Library of
Programming Implementation

>

System Properties

checked/proved?

Components

translated

>

System Model
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Certifying Systems: Assurance Cases

"

Research on “Assurance Cases” if interested!
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Source Document: The system of systems LEgIEm, 0uees:

CJCSI621201E supports Net.Centric onthreshold level KPP
satisfaction

military operations

Research

Sub-claim 1

Argument
A

Cimé Cim13

e ssumad bt P The SoS is able to The SoS continuously

iardware componer ™ exchange data ina rovides sunvivable,

of the network can be ¢ The SoS is able to secure manner to lrlepwperable. secure, and
B ignored in this enter and be managed ‘enhance mission operationally effective

analysis. inthe netwark effectiveness information exchanges
A
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B ‘The SoS network The security The So3
Cim3 management software is requirements (e.g., data Cim11 Inormefion
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Correct by Construction: File Transfer Protocol
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Lecture 3 - January 17
Math Review

Propositional Logic & Predicate Logic



Announcement
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Logical Operator vs. Programming_Operator
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Implication * Whether a Coni'racﬂ is Honoured
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- syntax
- base cases in programming

vieR()= P(i)/\fd A
A |

Predicate Logic: Quantifiers
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Lecture 4 - January 19
Math Review

Predicate Logic
Sets



Announcement

e Labl released
+ tutorial videos
+ problems to solve
+ Study along with the Math Review lecture notes.



- syntax
- base cases in programming

Vi (7R(a|)>=> P(i) , botean (allletwe (mtd 25§

(L Ieﬁm == 0) 10 yehamt Fudf

Predicate Logic: Quantifiers
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Logical Quantifiers: Examples
vieieN=i20

ViOie_Z;=>i20

Te &)
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Logical Quantifiers: Examples

How to prove v i ® R(i) = P(i) ?

oot ('i
How ’ro@) 3ieR(i)AP(G) ?

WA (D e 2 s TSt Ko,

How to disprove v i ® R(i) = P(i) ?

How to disprove 3 i @ R(i) A P(i) ?
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Prove/Disprove Logical Quantifications

|- Prove or disprove: Vx e |(xe€ZAr1<x<10)= x> 0.

e Prove or disprove: Vx e (xeZA1<x<10)=x>1.

S [Jouante/- PTM’;/P/ aeevese : K = (

 Prove or disprove: 3x e (xeZA1<x<10)Ax>1. T@

> witress: 7 T AT= (@7

e Prove or disprove that 3x e (x€eZA1<x<10)Ax>107?
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Logical Quantifications: Conversions RO Pa4g-elabs
,\C\Zq%) = p A 1%, P(x): x receives A+
(v XeR(X)=P(X) & (3 XeR AP)
= 1 (3% AR ))
2 1(@x- 2Ky ) ) = (v - Bo 4 20D
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Lecture 1b

Review on Math: Sets
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Lecture 5 - January 24
Math Review

Relations



Announcement

e Labl submission due in a week
+ tutorial videos
+ problems to solve
+ Study along with the Math Review lecture notes.



Sets: Exerci Z'L"—;lérlj-r
els: Exercises ~, > 91 g8 = (e edd

Set membership: Rewrite e(2)S in terms of €and -

Find a common pattern for defining:

1. = (numerical equality) via < and > ~2 Vfﬂé’ XGZ A ye Z 4
-4 3

7(7/3 A X< y

2.z (set equality) via € and 2

G- @;,3}, T = {2, 3, 13,Q)= {%mﬁ}g

S I Y
S[<Q@[0<B]<@p CETn 87
HS[T Q@< Dc@P|® <@ o2, E\U G\SJ
Ul cQc@! <@ c DI <@ <@ ©*
Tdﬂuya( 0

Is set difference (\) commutative?
e erence (0] k‘uo-a ve S\T;g T\S{:LS 2



Bidirectional Subset Relations: Programming

/* Return the set of positive elements from input. */
HashSet<Integer> allPositive(HashSet<Integer> input)

Formulate the “allPositive” method using a set comprehension.
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Bidirectional Subset Relations: Programming

X Return the set of positive elements from input. */
HashSet<Integer> @llPositive(HashSet<Integer> input)l

Say:
- S denotes the subset all positive elements from Tinput'.
- Set “output” denotes the return value from “allPositive’.
Formally relate the two sets S and output.
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Lecture 1b

Review on Math: Relations



set of Tuples | J® Sz % - x $a | =18 [@lSe % - =0/

Given n sets@ So) ..., Sp, a cross/Cartesian product of
theses sets is a set of n-tuples.
Each n-tuple (eq, eo, ..., en) contains n elements, each of ( A - 2 $>

which a member of the corresponding set. ., ufur?, W""' oMt /
f > 5 4 e polh V2 e

set % z,&)
SixSox--x§p= {I@ez en)||e,eS/\1</<n} ela(/<1: »
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Lecture 6 - January 26
Math Review

Relations, Relational Operations



Announcement

e Labl submission due in a week
+ Help: scheduled office hours & TA
+ tutorial videos
+ problems tfo solve
+ Study along with the Math Review lecture notes.
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Set of Possible Relations

e Set of possible relations on S and T:

e Dedicated symbol for set of possible relations on S and T:
e Declare that set ris a relation on S and T:

@-. \\oExample: Enumerate|all relations on {a, b} and {2, 4}.
w0
»((L Hint: How many? Y {a. b PRA

T, 6w, L, (b,a%) PCILES X {35d3)

i w0
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Relational Operations: Domain, Range, Inverse

r={(a, 1), (b, 2), (¢, 3), (a4), (b, 5), (¢, 6), (d, 1), (&, 2), (, 3)}

o () = 4 &by yols 0s b §

r={(a, 1), (b, 2), (c, 3), (a, 4), (b, 5), (c, 6), (d,1), (e,2), (f, 3)}
Yaﬂ(‘(> = '{1429 %4 4 1&4193

r={(a1), (b, 2), (c, 3), (a,4), (b5),(c6),(d 1), (e 2), (f, 3)}

i~ = 3 U8, (20, 0.0, (@), (60, 6,6), ), (o), (245

vl = ly~] > A)ﬂp]m{t proptyts
Exercise: Relate the domains and ranges of r and its inverse.

Uy Oowm)="van(v~d &) renly) = dom(r~)
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Relational Operations: Image |, [¢] puwpten: s & g

{(@ 1), (b,2),(c, 3), (a 4), (b,5), (c, 6), (d, 1), (¢, 2), (1, 3)}

(
P 9] (L iabs] -1 v | @, vyer 2 deded
v& D RQH = '[l,Z,u,$§3

Image of {1, 2} on r?*mde{kwo( eq. V[{Tﬂéz] =@

Image of {1, 2} on the inverse of r?
Calculate rs range via an image.
Calculate r's domain via an imag:\; ran (v) = y[dom({i\

vy [ 11,65 | x uedefoud L> dom(vy = v~ Tvea

Exercises
Image of {a, b} on r? 2.?. V[ﬁ] 3 é
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Relational Operations: Restrictions vs. Subtractions

r={(a, 1), (b,2), (c, 3),(a,4), (b,3), (c, 6), (d, 1), (e, 2), (f, 3)}

B v = § ., G4 (6w, (59T

r ={(a, 1), (b, 2), (c, 3), (a, 4), (b, 5), (c, 6), (1), (&, 2), (f, 3)}
v DI = § @D, Q.2), 6,0, (6,0F

r = {(34, (0-2)(c. 3), (347, (b5 (¢, 6), (0, 1), (&, 2), (1, 3)}

LR Y = § (63, (o, 1), @D, 438

"= {3, b:2), (€, 3), (a 4), (b, 5), (c, 6), 8-1), (&-2), (, 3)}
v = 06,9, (60,08, by, #:3)3
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Relational Operations: Overriding

= {(a,1), (b, 2), (¢;3), (a4), (b, 5), (¢.6]; (d, 1), (e, 2), (f, 3)}

Example: Calculate r overridden with {(a, 3), (c, 4)}

Hint: Decompose results to those in ts domain and those not in ts domain.

¥ <@-1U. | Wyet \/((J,v’)emdé
e‘“w tlom(®)
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w,vye 3
v idev adé s
= 1064 (1) 5 (b0 (Lt), s, ), 553
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Lecture 1b

Review on Math: Functions



Functional Proper’ry/ vekf—a.n {C ls } G,2), (& .,%S

*lsFunc’rlonalO — 1L 2 veleton
e§ €T S<>T | ot o Auctan
V S, 1‘1,1‘20 i L
(SES/\"'IET/\‘l'ZET)'\/AAes S

| = ot 007

 (I(s, t1) er A (s, t2) e r = t1 = 12|)

Smallest relation satisfying the functional property.
How to prove or disprove that a relation r is a function.
Rewrite the functional property using contrapositive.

o o 1o




Lecture 7 - January 31
Math Review

Functions, Modelling



Announcement
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Exercises: Algebraic Properties of Relational Operations

r={(a, 1), (b, 2), (c, 3), (a, 4), (b, 5), (c, 6), (d, 1), (e, 2), (f, 3)}

Define the image of set s on r in ferms of other relational operations.
Hint: What range of value should be included?

v[s] wsay Ao\ gl

‘tgz‘ﬂa’ﬁ:@) o : vesilt 70 .

Define r overridden with set t in terms of other relational operations.

Hint: To be in ts domain or not to be in ts domajn? At
LotV
y¢@® =Lt v(|@mEav| >
12 (2D Ty
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Q: Smallest relation satisfying the functional proper’ry.¢ f’lﬂ '4;’ daf
Q: How to prove or disprove that a relation r is a function. =

Q: Rewrite the functional property using contrapositive.

Bt v % a fud Vepote v & & A

my G) v % nat = to# 2
(DWM Lat, et otz > ot J):i'¢, hovs a.toeg’cs,fzev) bt




isFunctional(r) < { ?:)@ : 7%=> 7?)

Vs tl, 12e
(seSAtleTAt2zeT)

=

((s,t)era(s, t2)er=11=12)
i Mm-f”z*fle

tHH#£tZ 2 n ( .t ey A (s,t2)ev)

I—F tl 2ad 12 P
cht'('/lt velues s thet / L_’tl) QZV V _(Eﬁ fZ} & r

Ne ot have s veppEa o bth o Hhem.




—>
Partial Functions vs. Total Functions +->

Yum\ . ! )
re S@T < (lisFunctional(r) A dom(r) € S ) K/’al Vi
r (3T < (lisFunctional(r) A dom(r)(=)S ) N, X1 fe

et ©2) e
Exercise: Visualize S » Tvs. S > T A

Eve/zl Jctin & o prtal et
/ A vebean (< et o pazs)

h
Vfl-ﬁ( JAJ\( o’afo , Nha’
& 0. lt:tal-ﬁm( { don =G 1/1 A Pef.) 'ﬂ%"%
, {12, a), (1, b}, {(2, a (3 a), (1, b)} } <1, 2, 3}(+){a, b} At oy
e.g., {@ a), Oa) Ob)} cil, 2, 3}@{0 b} ,;Wf T
e.q.[{G) ), (V] b)) « 12355 4a; b} Looel TS et o et
gl A 7y
eg. {2, a), (1. b) G/ a), (V. o} 241, 2, 315 {alb :
Ly /.o vel. 2. nat a An. # $1,235



Relational Image vs. Functional Application

A function is a relation.

S
f c[f1, 2, 3 » {a, b} ﬂ
f={(, a), (1, D)}

L, & el o paveal Lo 1 o veleewn FL3]
Exercises: ng\a wal My o At
fﬂgﬂ - 103 jc(?.i_ T
fI{14l = {L% M2 - Wd,}},eol_LN Lottom
F[I{i-}l = Db ba fumn thass @] bt nef  sotal

& Lok (0. dowlf)C S, thoes st lest o0e
o vk T & tt wags 2 wHhep AF)




Modelling_Decision: Relations vs. Functions

An organization has a system for keeping track of its employees as to where
they are on the premises (e.g., * *Zone A, Floor 23’’). To achieve this,
each employee is issued with an active badge which, when scanned,
synchronizes their current positions to a central database.

Assume the following two sets:

o Employee denotes the set of all employees working for the organization.
o Location denotes the set of all valid locations in the organization.

Is where_is € Employee <-> Location appropriate? X
—> {1(alaa", ¢sBib) , ( ‘Glan’, D3
Is where_is € Employee @Locahon approprla’re i eo."ff

tow (whae_ 75) = Lmploy e X T ngo “[{
Is where_is € Employee + Location approprlafe? Nf/,,pps M)"?”

b o b ‘““hﬂa fata(w f’e al the 1
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Lecture 8 - February 2
Math Review
Injection vs. Surjection vs. Bijection

Formulating Arrays
Lab1 Solution Highlights



o Witess fo pove Alation f M. 7-
Injective Fw\é&ons fe ST Joretio ta TE?M/

isInjecthve (f) yed Jdt
— el T ey, Yo toefa (el > tiste
VSi,So,t[e (S1£SNASyeSAte T)& ((s1,t) efA(so,t)ef @

If f is a partial injection, we write: |[fe S» T| | t wdafe npae pep

o eg., {©®){(,a)}.{(2,a),(3,b)} } < {1,2,3} » {a, b}

° eg, bma),<3,b)}¢{1,2,3}»{a,b} St # 82 4114

o 4., {(1,b),(3,b)} ¢ {1,2,3} » {a, b} 4, 62 both wmopto T.

if f is a total injectiogl, w«gbwg'tg?:‘ feS>T 1
e..[{1,2,3} ~ {a b}]- 2) 95,08 th ot & al peilk

e.g., {(2,d),(1,a),(3,c 2.3} »{a,b,c,d - P‘

e.g., {(2',d),(1,0) ﬂ,&'—. f]zvth[ ﬁl\(&fw betiuees

eg,{(2,d),(1,C),(3,d)}¢{1,2,3}»{a,b,C,a} -tn\fo {éfs

vel , patel fun i,
P LA ’1;) 2?'/\‘2(—"-’ _ﬁ'} e i".’i?’ yeoletE

O O O O




pusel haato!

Surjective Functions T o

isSurjective ) <~ ran(f) = I vels astal,

(A
P s

If fis a partial surjection, we write//f eS» T

g+-{{(1,b),(2,a)},{(1,b),(2,a),(3,b)} } < {1,2,3} » {a, b}
S eg., {(2,a),(1,a),(3,a) } £{1,2,3} » {a,b}
o e.gy{(2,b),(1,b)} ¢{1,2,3} » {a,b}

If f is a total surjection, we write: |[fe S —» T|

%\

o e.q. {|{(2.a).(1.b).(3.a)}.{(2,b).(1.a).(3.b)}|} < {123}—»{ab}
o e.g. {(2,a), (db)}ﬂ'ldd}—»{at}_wﬂﬂ nol tuta |

o eg.,{(2,a),(3,a),(1,a)} #{1,2,3} » {a,b}
otals 7o <u

V.



@
If f is a total surjection, we write: |[fe S>> T | X

° eg.{{(2a),(1,b),(3,a)},{(2,#),(1,a), (3,8)}| (cf1,2,3} - {a,b}
O a

€ 152,55 = {2.13




Bijective Functions

e.9.[{1,2,3} = {a,b} - &
o e.g., {{(1,a),(2,b),(3,c)},{(2,a),(3,b),(1,c)} } < {1,2,3} = {a,b,c}
(2,b),(3,0), (4, a)} £ {1.2,3,4} = {a b, c)
o,{(1,a),(2,b),(3,c),(4,a)} ¢ {1,2,3,4} = {a,b,c}
QERNEEY¢ {1/2) ~ {a,b,c)




Exercise c/7~(
eﬂC

¢A

T .
] D partial |V |/ |/ | L/
2 2 CiZ total |V | V|| V/
4_' '_A A injection [ /| V| X| w

>1< \g surjection [/ | X || X
2 B bijection | /| X|X| X
3




Formalizing Arrays as Functions O @%{_2
String[] names = {"alan”, "mark”, “fom"}; L.{(Os “./:L:-ff’)6 (I,"w«k"),
o 1| > (2, ‘o3
o 7 pen| “wek” | *tonl vt @J% derplectes

vewes € 4 —> Mgl { (0 Jalad?) | U M wadk” ) . (Z, ‘M)S

=4

youes € 7 <> St b€ d |
, 3 3

y 24. 100, 0l (0,7
ﬁ {&5‘&1 shedl] ovil MJ("_ZJ() ?noﬂ' anp valo
eq. ), "t s G, et S
SRR mm?@ i

No
(

2 2t "K' -







An Event-B Specification of Bank CONTEXT CO

CONTEXT C0
SETS
ACCOUNT carrier set: abstract without the need to enumerate content of the set

PERSON carrier set: details of each member in PERSON are abstracted away (ENV9) - Solution to
Exercise 4 of Labl

CONSTANTS

¢ credit limit (ENV3)

L pre-set upper bound (ENV3) - Solution to Exercise 3 of Labl
AXIOMS

axml: ce Ny

not theorem means an axiom; theorem means a proof is needed. In this case, the typing constraint
should be an axiom.

thmi: (theorem) ¢ >0

axm2: L €N;
typing constraint of variable L - Solution to Exercise 3 of Labl

END

01.02.2023 08:50 Page 2 of 4



An Event-B Specification of Bank MACHINE Bank0

MACHINE Bank0
// Initial model of the bank system

SEES C0
VARIABLES
b balance (ENV2)
d cash drawer (REQT7)

owner account owner (ENV9) - Solution to Exercise 4 of Labl

INVARIANTS
invl: b€ ACCOUNT - Z
inv2: d€eZ
Va-a € dom(b) = b(a) > —¢
(ENV3)

inv4: Va-a € dom(b) = b(a) < L
(ENV3) - Solution to Exercise 3 of Labl
invs: owner € ACCOUNT - PERSON
(ENV9) - Solution to Exercise 4 of Labl
invé: dom(b) = dom(owner)
Consistent domains of the balance and owner functions (ENV9) - Solution to Exercise 4 of Labl (Note.
lf we declared this invariant as a theorem, then it must be provable/derivable from other invariants
hat are declared as axioms, which is not the case. Instead, we also declare this invariant as an axiom
(i.e., not as a theorem) so that proof obligations (POs) will be generated regarding it being established
(by INITIALIZATION) and preserved (by other events).)

REQS8/- this was not assigned as a tak for your Labl. But encoding REQ8 as an invariant shows the
value of a formal tool like Rodin: information requirements like E- and R-descriptions are likely to
cotain contradictions which are not easy to detect.
EVENTS
Initialisation
begin
actl: b:=0
act2:
d:=0

(REQ4)
act3: owner := &
Empty bank (ENV9) - Solution to Exercise 4 of Labl
end
Event withdraw (ordinary) =
(REQ6) - Exercise 2 from Labl: withdraw/inv3/INV cannot be proved.

any
a account to withdraw
v value to withdraw
where
typeof_a: a € ACCOUNT
typing constraint of event parameter a
type-of v: v € Ny
typing constraint of event parameter v
wd_for b(a): a € dom(b)
inv_3: bla) —v> —c
Solution to Exercise 2 of Labl

then
actl: b(a) :=b(a) —v
updates the balance of a
act2: d:=d—wv
updates the cash drawer
end

01.02.2023 08:50 Page 3 of 4



An Event-B Specification of Bank

MACHINE Bank0

Event deposit (ordinary) =
(REQ5) - Solution to Exercise 3 of Labl

any
a
v
where
grdl: a € dom(b)
grd2: v e N;
grd3: bla)+v <L
then

actl: b(a) :=b(a) +v
act2: d:=d+wv
end
Event open_account (ordinary) =
(REQ4) - Solution to Exercise 4 of Labl
any
p
a
where
grdl: p& PERSON
grd2: a € ACCOUNT
grd3: a ¢ dom(owner)
then
actl: b:=bU {a+— 0}

Note. Might need the PP prover to discharge POs related to inv3/inv4

act2: owner := owner U {a — p}
end
Event close_account (ordinary) =
(REQ10) - Solution to Exercise 4 of Labl
any
a
where
grdl: a € dom(b)
grd2: b(a) =0
then
actl: b:={a}<b
act2: owner := {a} < owner
end
Event transfer (ordinary) =
(REQ11) - Solution to Exercise 4 of Labl
any
al
a2
v
where
grdl: al € dom(b)
grd2: a2 € dom(b)
grd3: al # a2
grdd: b(al)—v> —c¢
grd5: b(a2)+v <L
grd6: veN;

Necessary to p#ke POs related to inv3/inv4 discharged

then

Note. [It’s not allowed to have two actions involving the same LHS variable: b(al) := ... , b(a2)

end
END

01.02.2023 08:50
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Lecture 9 - February 7

Reactive System: Bridge Controller



Announcements

e |Lab2 released
e WrittenTestl coming




Lecture

Reactive System: Bridge Controller

Correct by Construction
State Space
Req. Doc.
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(£2) Siptp cpmre allows : =10, L= 3005

Is thw o~ axim
State Space of a Model W = { %k, - A Heorenfinartint ?
Definition: The state space of a model is vaveot % ed 5 b p /-,

the set of all possible valuations of its decldred constants and variables,
subject to declared constraints.

Say an initial model of a bank system with two constants and a variable:

¢ € N1 A Le N1 A accounts € String + 7 /* typing constraint */
Vid e id € dom(accounts) = —c < accounts(id) < L  /* desired property */

1. Given some example configurations of this initial models state spaf%

Nt/ amaniott - el o b chont 2o Al 1 all prsble st %%
7 WA"/\

i

soteles o alom. , et © Mo i o vehte 7S




Bridge Controller:

Requirements Document | (
Mainland

ENV1 The system is equipped with two traffic lights with two colors: green and red.
ENV2 The traffic lights control the entrance to the bridge at both ends of it.

I Cars are not supposed to pass on a red traffic light, only on a green one.
wethoat  thes ’

witentad ks
MM‘J b wealrser.

enode ths |
m The system is controlling cars on a bridge connecting the mainland to an island.
-
wv\toa # of fs

REQ2 The number of cars on bridge and island is limited.
REQ3 The bridge is one-way or the other, not both at the same time.

The sensors are used to detect the presence of a car entering or leaving the bridge:
“on” means that a car is willing to enter the bridge or to leave it.

Bnng or eXatind ML.




Lecture
Reactive System: Bridge Controller

Initial Model: State and Events



Bridge Controller: Abx’rrac’rion in the Initial Model

number of cars

REQ2 The

on bridge and island is limited.

L@ Pt / theolord

o3 (or
on thb I$[



Bridge Controller: State Space of the Initial Model

REQ2 The number of cars on bridge and island is limited.

Static Part of Model /ax@"l

ek S
axioms;:
constants: . Exrri)l i: deN
'«,\'d R. oxiowm
o —_

Dynamic Part of Model

invariants:
variables: @ inv0D_1:|neN
\L inv0_2:n % d

mi g ]
E{‘CM ,‘2{‘;1} A:AJSQ gegt



Bridge Controller: State Transitions of the Initial Model

REQ2 The number of cars on bridge and island is limited.

— r axioms:
constants: )
axm01:deN Teland y
and Mainland
i - bridge
invariants: ’
variables: n inv0.1:neN Aﬂ
inv02:n<d M H
ML out State Transition Diagram on an Example Configuration
begin -
n:=n+1 d=2
end n initialized to O

o

R
- aw"{",!ﬁ“l‘



Lecture 10 - February 9

Reactive System: Bridge Controller



Announcements

e Lab2 released
e WrittenTest1 guide released
+ Verify EECS account on a WSC machine
+ Verify PPY account and Duo Mobile on eClass




00401«’(:0/6 ot holpl 1722 ’ﬂe tane
(O i estﬁUZ'Gl/lBD( 041\‘2/ (/lct(A[c (g +ip ;dgw.

i
e Jﬁ;{’i‘“

'L ‘f
cZ Fo/ 3\/@, 5/3!\{‘/ .:P tt WHED(
- QSsumig thet L M(’,
@ T g Iwesmeo( aber ptters & e

e.4. f
\- P o
mmﬁ_mfé(: >/. ptpow Alzomtt  Lolowes
LalD;f =6, woTts 2 —(.

66’?51‘



Bridge Controller: State Transitions of the Initial Model e

~ constants: d

’ -
variables: @

axioms:
axm01:deN

invariants: I
inv0.1:neN
inv02:n<d

Island
and
bridge

State Transition Diagram on an Example Conﬁqura'rlon

dinland

6 M[_

d=2

end n initialized to O

L ot f’ud to mestan T apuys?




@ jj/ Predicates of Event Actions
Pl

Events

- Pre-State
- Post-State
- Sate Transition
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Lecture
Reactive System: Bridge Controller

Initial Model: Invariant Preservation



Design of Events: Invariant Preservation

invariants: VSWQ * il € R\WBJ\VACP = I@m@
e | Amdreray

{
1 Jeutl - gt € fmt@fm@ AL M?,{

inv02:n<d|—




Sequents: Syntax and Semantics ofc < fml:(mvs,
Syntax




PO/VC Rule of Invariant Preservation

ML _out A?
~7begin B/‘ - N+l
constants: d variables: n ni=n+1-"]
end
axioms: invariantsli, p NE A, ML_:/[
axm01:deN inv01:nNeN ML_in /4 <
inv0_2: 7{3 ol beg<|n¢A Vl - D‘

I"Axioms

Invariants Satisfied at Pre-State
Guards of the Event
|_

Invariants Satisfied at Post-State H




Lecture 11 - February 14

Reactive System: Bridge Controller



4 2
Announcements - Mo }ZJ/ ) S,:/,afaﬂ’
feti” A
e Lab2 released e

e WrittenTest1 guide released

+ Verify EECS account on a WSC machine

+ Verify PPY account and Duo Mobile on eClass
e Review Session at_7pm, Wednesday? (Zoom)

=T




Q- et ro.c.»mg ?
PO/VC Rule of Invariant Preservation: Components

(c?) list of constants
B(c)) list of axioms
@and@

I(c/(v): list of invariants

Vel
L4 AT\ = A a
rle <d > /U/Z' N0 P pML-OU_tl&(d)l>, >> = Twme
begin
constants: d variables: n n:=n+1
end ol
Ald>): i) Oy - g
axiomsf/ = T invariants: ' ’ PO » 5
axm0.1:deN inv01:neN ll\/lL_in @[ (<A7, >> = I~
- inv02:n<d “begin
n:=n-1
end
|

variables in pre- and post-state

BAP of M08

7= <A+ 1>

guards of an events

E(c, v); effe

‘)= E(c, v):

ct of an events actions

BAP of an events actions



constants: d

variables: n

axioms:
axm0.1:deN

inv0
inv0

invariants:
n<d

neN

Q. How many PO/VC rules for model mO?

(2

ﬁ,foﬁ

w&?ﬁ

C lov

L¥ dowe iaiont bdheean > Y of mvamt sckeres (2
01: ML_owt /@v0 1/ TNV

Bt w8 .
g)z : ML_oAt/m0_2/TiV
ttrse

5y <

0./9,3” 2%+ 4’1;05

[

o). “vetuwe of PO

U

{

«(S maant T
z) <ol bo .

the efler¢
of 4@ Lol



constants: d variables: n . ) Wo/\
P — invariants: G(C7 V)\Mﬁ;{m;'
omotid e imo2n <o YA i
li(c,|E(es'v)

¢

epfee of

A o€
ncd U afmoi/d | MEA | Ulorfeniozz/ow

L
/ e N Eocop: Formalate Ta) /

Nn+\ Bl(- s | 1+




!
Inference Rule: Syntax and Semantics %‘;ﬂ Lfazag&e
Syntax j)-l > T+ 4 =Te
c;\{etulmt Q (’-’56 = wae

3“%’” @ w‘*“’ e TO

Q. What does it mean when A is empty/absent?
50" \e }
%j l Me > ( = Twe
* Examples L, C Toud
IRl fko Qe freelf @ o axgm

M1k &
Hi, Hz F &




Ha, He - G(

deAN
ne A
n< o

-
n+le N

Von

Nel €N




Justifying Inference Rule: OR_L

‘Qéc Te
(LP—“?V\)A (&=>R>>'-'—>(P\/&=> R) 5@3\
Colwo Video),




Example Inference Rules

neN - n+1eN n<m~w~+ n+1<m

P2’
O<nr n-1¢eN n<mrwer n-1<m

H1 - G
H1,H2 - G

MON



Wednesday, February 15

Written Test 1 Review



/
Given two sets S and T, say we write: ; ( V] > _ ’/l S
S \./ T for their union = (A_ M) [ m[
e S\ T for their intersection YOW . m : ¢ ¢

o S\Tf their differ

What is thelcardin Itylfth power set of ({a, b, c, d}\ {a, e}) \/ {a, f}? Enter an integer value (with no spaces).

f {/}7( (Aa.balod3 \M,ei)()fa 25) l
goe {b,6,d%\/ {455
%
stk gy ()

/|}7M’*+ gyﬁ%:g Q ¢ (Vl ! Y
(2 ‘ 2 @ 74 7-Mm




TH 2. b,00d, £ 3)

1g|seTiab c.d$3)a [sI=23

0  4p0% 1bCT Jeds 1d.43
'}\6,03 '“de ft‘nts
fp.d%  AbAS

16,43



Consider the following logical quantification: K
( ; .4 'K} x
,y.x:NAT&y:NAT==|x+y>=1@(+y<20|

Convert the above predicate to an equivalent one usin

e other logical quantifier. =

-;_1( §x Koy

as the right operands of the relational expressions

Note the following constraints on your answer:

e Only put pairs of parentheses when necessary.

o Like the above predicate, there should be no white spaces.

o Like the above predicate, numerical constants (i.e., 10, 20) must appe
(e.g., x +y >=10).

e Relational expressions should be simplified whenever possible, e.g., write ¥ >= 20 rather than not(x < 20).

Be cautious about the spellings: this question will be graded automatically a
mistakes.

no partial marks will be give to spelling

wavgod;
papr g

Answer:

The correct answer is: rﬁg@gy.x:NAT&y:NAT&(x+y<1C@(+y>=20))

WX eY=lo A L+Y< >)

{e)

T2 10) v 1(xef<20)
Z A+Y<io v XY 7 >



fo.b,e,dY g $2, (5,308 = 1@, (4,333

SR - {“’ﬁ”"’"ﬁfm 1€s %

( myMcﬁl& whté @ K



Consider two sets:

e S={ky}
e T={1,2%

Enumerate the following set:

{@_@la:S&b:T&a/:x&b<§}

Requirements. In your answer:

e Pairs must be sorted in an ascending order by the first elements, or by the second elements if the first elements are
identical. For examples: (x, 2) appears before (y, 1), (x, 1) appears before (x, 2), etc.

¢ No white spaces should be included, e.g., write (x,1) rather than (x, 1).

Be cautious about the spellings: this question will be graded automatically and so no partial marks will be given due to
spelling mistakes.

i%. ), 2D x

The correct answer is: {(y,1)




Consider two sets:

So S
e T={1,2 3}

Considerr such thatr: S<->T:

{1, (3 (v, ) (v, 2)}

What is the result of the following expression:

E ot

a

OO @y P

Requirements. In your answer:

<}

Jex.155 (T,3)s

11,33

4|(r b (T \13))

.3

« Pairs must be sorted in an ascending orfler by the first elements, or by the second elements if the first elements are

identical. For examples: (x, 2) appears
* No white spaces should be included, e

fore (y, 1), (x, 1) appears before (x, 2), etc.
., write (x,1) rather than (x, 1).

Be cautious about the spellings: this quegtion will be graded automatically and so no partial marks will be given due to

spelling mistakes.

{0

Answer:

The correct answer is: {(y,1)}
—

.
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Ordered pair: F — F E |-> F|
E— F+# (E,F)
Left associative.
In all places where an ordered pair is required,

c\w&% ofer veao(ag werk




Lecture 12 - February 28

Reactive System: Bridge Controller



Announcements

e Released: WrittenTest1, Lab2 solution
® To be released:
+ ProgTest1 Guide (by the end of Wednesday)
+ ProgTest1 practice questions (by Thursday class)



Recap of Previous Classes M,Voc.

REQ2 The number of cars on bridge and island is limited.

constants: d

variables: n

axioms:
axm01:deN

invariants:
inv01:neN

+ Before-After Predicates
+ Example IRs

inv02:n<d

ML_out/invO_1/INV

deN
neN
nzd
=

li(c,E(c,v)) | | n+1eN

|_




Discharging POs of original mO: Invariant Preservation

:’:{5 |0, o

fot']

deN-: deN ) ol Hi - G

neN Hl neN s ‘b[_’ HiE)- @ MON

n<d. n<d o MEA

E = ay Cnemen=izm
-1%0

n+1eN n—1eN->’,(>,|’(',1>c7>

. -
|ML_ou’r, invO_2/INV

ac

deN TN | DECY (tent awoly dettl )
neN Y A neN : 1
n<d Mon IV <l % n<d IMal »
- - 70 1| -
n+1<d M\eo{ I n-1<d

n-1Qd 95, n-1Qed?



PO/VC Rule of Invariant Preservation: Revised MO

A(c)
constants: d variables: n | ‘ I (C) V)
axioms: invariants: L —4, G(C7 V)
v || meiny | e ;
Ii(C7 E(CJ V))

{ML_in/invO_1/INV / z?v\T_,_ou’r,/invO_Z/INVI

deN 0 deN

neN 1‘7"7 neN A, d, =
n<d,_d > n<d Mo 1<

- N7 = |

- ks 1-170 ; 7 dﬁ
n_1€N"ﬂ>,|,M>o) n+1<d N4|)<



| Tree)

Discharging POs of revised mO: Invariant Preservation

£t
deN deN

H1 - G
nEN nEN H1,H2 - G MON
n<d n<d
n<d n>0 o DEC
. . HEM e =1 em
n+1eN n-1eN 1 e
[ ]
d eN d e N PPy P2
neN neN
n<d n<d
n<d n>0
- -
n+1<d n-1<d




Mode l
L> gateC = boAstants , £%ams

L9 dyﬂmfc * YpcHes | i atnts

[ o
r )
2 Te s £ 67/\>
> M(nf""’ ?@M Sefaoats Jorsoal
it
o te 16,
J W rleB/(/d‘{'/M




Lecture
Reactive System: Bridge Controller

Initial Model: Invariant Establishment



Initializing_the System

Analogy to Induction:
Base Cases = Establishing Invariants

Analogy to Induction:
Inductive Cases = Preserving Invariants

Dg&_{'_) ML_out

The Imhallza’rugﬁ Evehf /%
N th
Y 4

Vﬂlé BIt 0Loavk, Islarclid '
e Mainland
WO'/]P oF- 'H‘P ’V&WAA@ bridge

hm? Leea r«/lff(c(cfl’d
o L> RS £ G) shod 3




: Lt et
PO of Invariant Establishment eNere c[l A vif-att

tE(Y)

Componen’rs
constants: d variables: n . - .
init K(c):| effect of inits actions
begin
axioms: invariants: n: v = K(c): BAP of init's actions
axm0.1:deN inv0(1): neN en e
inv0@:n<d \Y\ >

Rule of Invariant Establishment Exercise:
Generate Sequents from the INV rule.
A(c) o™

INV Fd €A it/ de&) m{_%o oy

b(c K(c)) DN |75 | @k o | o
0 0




Discharging PO of Invariant Establishment

deN =TT
- initAiRvOZL/INV bW | |- i
0eN 0 EN

init/inv0_2/INV P>

H1 - G

H1, H2 - G

MON




Lecture
Reactive System: Bridge Controller

Initial Model: Deadlock Freedom
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Lecture 13 - March 2

Reactive System: Bridge Controller
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PO Ru le: Dead IOCK Free dom REQ4 Once started, the system should work for ever.

v .
constants: d variables: n 1 ) ML_in
when

n>0
axioms: invariants: then

axm0.1:deN inv01:neN - n:=n-1
inv02:n<d end

Ag Cz o c: list of constants (d)
o A(c): list of axioms (ame 1)

I(c, V) DLE ° Vand v’ listof variables n pre- and post-states v=(n), v = (n)

— === o [(c,v): list of invariants (inv0_1, |nv0 2)
o G(c,v): the event’s guard

G (C, V)V---Vv Gm(C, V) hf[d G({(d),(n)) of ML_out = n < d, G({d),(n)) of ML.in = n>0

L desgunction o puods & all omis” Fue (V) (v
Exercise: Generate Sequent from the DLF rule. _ﬁ e - sttt post-sefe
l

deN | BRIBV v
i ka Vv A0 ijp 1Y% e
v

WF X




Example Inference Rules

H(F)
H(E),E=F v P(E)

H(E),E=F ~ P(E)™
AD.EE - PO




H(E),E=F + P(E)

EQ_RL
H(F),E=E + P(F) R




Discharging PO of DLF: First Attempt
MON OR_L OR_R1
H1,H2 + G HPvQ+ R Hr PvQ
H(F),E=F r P Hr Q
HYP o ST OR.R2
H,P+ P H(E),E=F + P(E) it E G

deN

ner 4RT iﬁ vou| Ted vi=d
n< d ykd Vﬂ:d =

B |:/l<olv N>0 tedva>o

n<dvn>0




Understanding the Failed Proof on DLF

constants: d variables: n

ML _out

Mainland

axioms: invariants:

axm01jdeN “ inv01:neN
inv02:n<d

ML_in

_2Unprovable Sequent: |—|d_>_Q mey be wedater]
L & ne,aofm may ko twp
I (0( >0> © a[lweol the  Cavient wiotlp |

L Qe V' — %_ Sef d=o,

@ d eN (drv aer wit . V=0 0<o0

L’W deco“d(-froe: '/l<pf(')v ﬂ>0] ;o/a—%

——




Discharging PO of DLF: Second Attempt

deN
neN
n<d

=
n<dvn>0

deN

neN
n<dvn=d
=
n<dvn>0

MON

n<dvn=d
I_

h=d
l._

_£<dvn>0

‘n=d

|_

n<dvn>0

n<d
ORR1 |+ HYP
n<d

EQLR,MON| +~
d<dvd>0




Discharging PO of DLF: Second Attempt

HYP

AP = P

HP+R H,Q+ R
HPvQ+ R

OR_L




Summary of the Initial Model: Provably Correct

L2

constants: d

A)Mamﬂ‘_

variables: n

axioms: invariants:
~axm0.1:deN inv01:neN
(axm02:d>0) /' \ inv02:n<d /

ML _out
when
n<d
then
n:=n+1
end

Sollbok
d:meajo’“

N

ML_in
when
n>0
then
n:=n-1
end

| | | | | | | |
Correctness Criteria: _

+ Invariant

"+ Invariant

+ Deadlock

Establishment
Preservation =
Freedom




Monday, March 6

Lab2 Solution Walkthrough



Lab2 Solution: Context Celebrity_cO

CONTEXT Celebrity_c0 @= {Alan, Mark, Tom}
CONSTANTS ¢ = Tom
k knows relation = {(Alan, Mark), (Alan, Tom), (Mark, Tom)}

c celebrity 4 i 04 N,( 4,(4) (ﬁw\ AIM ) (Kﬂ // Oé)j
Set person B\ R = 2 3 = 2 3
AXI(g?/IS ﬂv{?ﬁﬁ kl[{LMjJ :-{élm,mck’g = Y\ {%ud
axml: | P C N. ‘ ’I)/j‘"
axm2: c€ P
axm3: (k)€ (P \ {c})

A7 A
k € Q) -
Yecf ¢ C JC )'fg n Lyrx (2



‘—_7 My hoe & wU

Lab2 Solution: Machine Celebrity_1 &

MACHINE Celebrity_1
SEES Celebrity_cO
VARIABLES
r result of algorithm
Q Set of potential Ce

INVARIANTS
invli: reP
invariant from th
inv2: QCP
new invariant: ev
inv3: c€Q
new invariant: th
EVENTS
Initialisation
begin
actl: r:€ P
act2: Q:=P
end

Event celebrity (ordinary)

any
X
where
grdl: z€Q
grd2: Q= {z}
then
actl: r:=«x
end

Event remove_1 (ordinary) =

any

H

where™

grdil:
grd2:
grd3:

Z€Q
Jeq .
rz—y€Ek

grd4

: (theorem) z # c |

Without this guard,
as a hypothesis in th

then
actl

end

Event remove_2 (ordinary)

any

X
4
wh d

grdi:
grd2:

grd3
grd4

e=0\()

~

T €EQ
yEQ

e
T FEY

grd5: (theorem) y #c |
Without this guard i
as well as Q <: P as

then
actl
end

1 Q:=Q\{y}

Btto (tenits (whah waybe
P = {Alan, Mark, Tom} lcﬂ@vy veoly i
&lquzle 10 pog;

¢ = Tom
k = {(Alan, Mark), (Alan, Tom), (Mark, Tom)}

N

X

J/celebﬁy

L=
YoatovP_2

ool - |
4

i Tt
’)(kg‘ d&a{‘



MACHINE Celebrity_1
SEES Celebrity_c0
VARIABLES
r result of algorithm
Q Set of potential Ce
INVARIANTS
invl: r € P
invariant from th
Qcp
new invariant: ev
ceR
new invariant: th
EVENTS
Initialisation
begin
actl: r:€ P

act2:= P
end

Event | celebrity/(ordinary) =

inv2:

inv3:

any

X
where

grdl: x €

grd2: @ 3@
then

actl: r ::@
end ‘ﬁv"

Event remove_l (ordinary) =

e P = {Alan, Mark, Tom}
x ¢ = Tom

cvite k = {(Alan, Mark), (Alan, Tom), (Mark, Tom)}
grdl: z €@ ﬂft
grd2: y € Q‘t
grd3: "z — y ek

grd4: (theorem) z # ¢
Without this guard,
as a hypothesis in th

ek, vemoR_ |, vewout_2,

g ( releb
Even;yemi@ et = one [sstbb tate f
s ' A?ﬂm
B o2
K g'»;zsl‘ze/- ettt

grd5: (theorem) y # ¢
Without this guard i
as well as Q <: P as

Z mZ(‘ vorove_l,
)’MOVP

anw [2 H"d

then
actt: Q:=Q\ {y}

end




Lecture 14 - March 7

Reactive System: Bridge Controller



Announcements

e Slides updated to include First Refinement
e Released: Lab2 solution video, PracticeTest1 solution
¢ To be completed by the final exam:

Makeup lectures for WT1, WTZ2, ProgTest1, ProgTest2



Lecture
Reactive System: Bridge Controller

First Refinement: State and Events



Bridge Controller: Abstraction in the 1st Refinement

mO:

initial, most abstract M Lot
{ 7 fM e
Mainland | €2 Y‘Qn/ 5 w 7/)#”1{0 Jﬂ{'cd’vl A’{? )
(1L

1:
ML_but o
</— |second, more concrete

one way Both o /Md ml nné/
| e sawe fgﬁ‘?ﬁf,

7 abl pads
4, »407

REQS3 The bridge is one-way or the other, not both at the same time.






Bridge Controller: State Space of the 1st Refinement

REQ1 The system is controlling cars on a bridge connecting the mainland to an island.

. Ai's.fm‘"

( &O o
(-0 Exercises Y 4.k,

constants:

d

axioms:
axm01:deN
axm02:d>0

invl_4: linking abstract & concrete states
invl_5: bridge is one-way




Bridge Controller: Guards of “old” Events 1st Refinement

ML_out: A car exits mainland

(qe’rhnq on the bridge).

ML out

'/l AbERA

KQV A=t+|
4
C/=

C

|
“ML in: A car enters mainland

(getting off the bridge).

| when =0
0 tC(B‘t ML \Nn \ %
then
@ @-PU-(-EZC,’S a a 7 ()] F“? S >
> (a+D+b < ol K< d o
/ axioms: @in Y
constants: d axm01:deN
axm02:d>0 ( |
a+b < o-| J :
{ <o ot |
_é*____ c invariants: Y ML_in
invil:aeN when
variables: a,b,c invli2:beN
invi3:ceN then
invid4: a+b+c=n .
"_'_ invi5:1a=0vc=0 en

BN

B

P: L2014 8=04 K<)
—=’ C >0

gﬁoaabla




States, Invariants, Events: Abstract vs. Concrete
Abstract mO / dd, alstert  evedts

variables: n

invariants:
. invO1:neN
constants: d inv0 2:n<d
axioms:
axm01:deN
e b g Concrete ml
variables: a,b,c
- ML_in
; when | ;
invariants: [‘(A ; ‘a+b<d wheh
invi1:8¢N c=0 hC>0
invi2:beN then then
invi3:ceN — [a:=a+1' c:=c-1
invi_4 end o)y end
invi5: a=0vec=0 ¢




Lecture 15 - March 14

Reactive System: Bridge Controller



Announcements

¢ ProgTest1 result to be released by Friday
e Lab?’ to be released by the end of Thursday
¢ To be completed by the final exam:
Makeup lectures for WT1, WT2, ProgTest1, ProgTest2




Before-After Predicates of Event Actions: 1st Refinement

|
ML in ML _out
when when
[0<C"~%°’;i‘ids a+b<d1 - Pre-State
Events then c—0 - Post-State
[ci=c—1 then 1
end N e—atl] - Sate Transition
et end \
ALtAS |

Before—after a =a+1 A/b~=bA

predicates X c




lonsuler an etet: < mtt, ML_aat, [ML_AD>

Bridge Controller: Abstract vs. Concrete State Transitions

Abstract mO

variables: n

invariants:
inv01:neN
inv02:n<d

ML _out

Y |
Mainlar‘d
L_in \

Island
and
bridge

M

\

Concrete ml

variables: a,b,c

invariants:
invi1:a¢eN
invi2:beN
invi3:ceN ,
invid: a+b+c=n

invi5: a=0vc=0

dI=I2 I I I I A
n initialized to O
| | |

ML-#1
-

/
’ m ‘ﬁ’ '§Scenario

- car leaving ML

g [
o= W [0oq. - car entering ML

-1‘
A g
\

a, b, c initialized to O

UL Bl 7
—n_/ <de|af90( Ly.
3\’)&%




PO Rule of Invariant Preservation in Refinement: Components
W: Qs b, c_>

Abstract mO / 'V' ~ Y\ Concrete ml /7 W' <A’,Q
. variables: a b ¢’
variables: n ML 0{ ML.in l@ ML_in
when when when -
n <d n>0 invariants: a+ b <d when
i i - then | i F- Cc> O
inv01|neN s S invi_2: then then
inv02{n<d wtm P,F}-?[t S inv1.3: a:Ha+1 c:=c-1
— ena M end invid:la+b+c=n end
L invi5:la=0vc=0

BB G (ed><ns) f okt Lo v “H(<d> i e .

- - < A-(-bz
|V and v'y| abstract variables in pré=7post-states G(c, v): an abstract events guards
W and w'] concrete variables in pre-/post-states (H(c, w): a concrete events guards

I(c, v) ) list of abstract invariants E(c v): an abstract events effect
IJZc v, w)) list of concrete invariants F(c __) a concrete events effect

E(<o(> Qr>) of ML.aut : <nel>
F(<d>, @datd o Moot : Gl | >

2



Lecture
Reactive System: Bridge Controller

First Refinement: Guard Strengthening
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PO/VC Rule of Guard Strengthening: Sequents
Abstract mO

variables: n

invarjants:
inv0_1}: neN
inv0 2: n<d

Concrete m1l

variables: a,b,c
invariants: &ﬁ7
invi1:aeN > M“"o— [
invi2;:beN vd en atm0_2
invi3:ceN a:=a+1 4
invi4: a+b+c=n end end VIG-N MJO-'
invi5: a=0vc=0 ﬂﬁd FNO—? ,—* Y](d

T e o

Atbe o(]w-
_t=0 J_ ML_ouf'




Discharging POs of ml: Guard Strengthening in Refinement

ML_out/GRD

13
¢

A
g8

-1

ol
-

deN
d>0
ne

n<d
ac

beN
ceN
a+rb+c=n
a=0ve=0

a+b<d
Ge=al)

|_
n<d

A Ul out

MON

A+br(=1
o+bed
(=0

ned

4.t Afl) 0(

H1 - G

MON

H1, H2 - G

tb+0:=1

(=0

o

H,P + P

H(F),E=F + P(F)

H(E)aE:F'_ P(E)

ZR+E+0=ZX

1 l71<ak

O+b<d

(R

D
<ol

| ~/l

=

ST

2 2

<d
<

4

HYP

EQ_LR



Guard Strengthening in Refinement

Discharging POs of m1l:
H1 - G

ML_in/GRD
MON

H,P + P

HYP

H1,H2 ~ G
deN
H(F),E=F + P(F)

d>0
neN

H(E),E=F + P(E)

H,P+ R

FALSE_L

HQ+R

EQLI:!J

n<d
aeN
beN
ceN
a+b+c=n
a=0vec=0

M'd c>0

P
&,

‘n>0

g

HPvQ+ R

OR_L



Lecture 16 - March 16

Reactive System: Bridge Controller



Announcements

e ProgTestl result to be released by the end of Friday
e Lab3 released
e Example Questions for Written Test 2 released
e To be completed by the final exam:
Makeup lectures for WT1, WT2, ProgTestl, ProgTest2



Lecture
Reactive System: Bridge Controller

First Refinement: Invariant Preservation
Concrete, Refined Events



PO/VC Rule of |Invariant Preservation: Sequents a/ ov 2o

(-1
Abstract mO ORYETE n
variables: @ ML out ML_in I(c @ > AL(%I&F(’ . A O 4
when when ?(J] ¢ W)-> anoete v,
n<d L.{\-V\ n>0 C- =0
invariants: T then \= then
inv0_1:neN m —
Z17|inv02:n<d o ond
2+ Kt l = A aHfece
Concrete m1 ¥ A+ O TL =A 1.5 “ﬁ’eﬁp’fu sret0 £ B on,
variables: a,b,c _ HFWM\/’ '-,'/ W ML-"‘/W"Q/J’JV
den) a0 | den) a0 |
ol>Q 4wl ol >Q 4wl
neN wo_l neN mv_l
‘7-‘ ned w0z ned w0z
- AeN AcN
i ben ben

TN CeN teN
fsbt =¥ Geb =¥

/ . 4 ,"‘ ’,:r ba =0 vcd ul_os a=0 \;C-g ﬁ/{{
Q. How many PO/VC rules for model m1? = fd ‘_C oo
i i




&Mudﬁ' d? 74 IR
Visualizing Invariant Preservation in Refinrement

Each concrete state transition (from w o w’) (7 porb®
should be simulated by =@( Lsw)
an abstract state transition (from v to v') st et

o of (onoiBe




Discharging POs of m1: Invariant Preservation in Refinement

ML_out/invl_4/INV H L G
MON EQ

H1,H2 v G P+~ E=E

deN

d>0 H(F),E=F + P(F)

neN EQLR
B ] H(E),E=F + P(E)

aeN

beN

ceN

a+b+c=n
g=0ve=10

at+b<d

c=0

-
(a+1)+b+c=(n+1)




Discharging POs of m1: Invariant Preservation in Refinement

ML |n/|nVI S/INV -_ H 2
FALSE_L OR_R1
H1, H2 - G H+~ PvQ

deN
d>0
neN
n<d
aeN
beN
ceN
a+b+c=n
a=0ve=0
c>0

=

a=0v(c-1)=0

H(F),E=F ~ P(F) HP+-R HQ+R
EQLR ORLL
H(E),E=F ~ P(E) H,PvQ +~ R

HYP

H,P + P




Lecture 17 - March 21

Reactive System: Bridge Controller



Announcements

o ab3 released
e Review Q&A Session 7pm on Wednesday, March 22

=




Lecture
Reactive System: Bridge Controller

First Refinement: Inv. Establishment



PO of Invariant Establishment in Refinement

Components

K(c): effect of abstract init

constants: d ’ variables: a,b,c

invariants:

ioms: invi1:acN : -
s I g i : L(c): effect of concrete init

axm02:d>0 invi 3:ceN
invid: a+b+c=n |

invi5: a=0vec=0

. ; A
Rule of Invariant Establishment Exercise:
Generate Sequents from the INV rule.

el g/ v # Qb=
0+0+0= 0

=

oS mtt. gl wit. sods. [ d+0+0=0
Q. How many PO/VC rules for model m1?
& (mt , $ w.)




@_K_l.:_ S‘TMP’TN"‘M
Discharging PO of Invariant Establishment in Refinement

H1 - G

d = N H1,H2 - G MON
d>0 init/invI4/INV

~ o TRUE_.R
0+0+0=0

init/invl _S/INV




Ml-mt'ﬂ/")’ ﬁ«ﬂ‘(]‘wj
S 7. 75:/. Fef[,. (%) dﬁ/ﬁf Ll
3. d b vaveort ‘90

m,y-
( (| 5 ﬁ‘”’ds LEEAS s
I % sedated 4;1
peth  obPbese et 7



Lecture
Reactive System: Bridge Controller

First Refinement: Invariant Preservation
New Events



Bridge Controller: Guarded Actions of "new” Events in 1st Refinement

IL_in: A car enters island

(o) (getting off the bridge).
Fa- ~ il S o
— IL_in L —7 K> ~ ot wewm/
4 when |C=O v =
29 = WI"S’L
hes” | 0. buwod: [2+¥B<d]
?? viot wvecessény ;
_ ~ and B O Me-out dlfmdﬁ/
axioms: o | therks  cE
constants: d axm0.1:deN . oo / ’
s 3 s 6 IL_out: A car exn’r:s island @) o'+ |,
(getting on the bridge). = (A—l)f’[&ﬂ)
invariants: IL_out 5 A+E
invii1:a¢N when / b >0 /
variables: a,b,c invli2:beN aA=0 b{{,y—\'(‘,
invi3:ceN thet A}
inv1_4:a+b+c@ 5 1> b==b"\=@‘\'0’
‘invi5: a=0vc-= end” ] ‘_>C"C4'| —?(C*‘)
il = ﬁ*\"?*z




Before-After Predicates of Event Actions: 1st Refinement

IL in IL_out

when when
a>0 Zi 8 - Pre-State

then then - Post-State
gf=a-1 bh-p_1 s Sate Transition
b):= b +1 c:=C+1]

end end /

L Concrete State Space
pA7: b+ b=

trk gl

N
R 4



Island

Te: T o tavell
ek, Moot 5, oA, T _out , Mom>

I«L‘{ eLul 2 Cavs tm«fllrng,



Visualizing Invariant Preservation in Refinement

Each new state transition (from w to w’) Skip /.
begin
should be simulated by [A/=*’\)
an abstract dummy state transition (from v to v') end
1(v) Abstraft event v’;(%z,v) ot @ UL ?4W G
(viow evgats)
Concrete event
.......... Towm  v=Hew)

il p4bC




PO/VC Rule of Invariant Preservation: Sequents

Abstract mO

Q INV1_ 4/INV

constants: d

i | axioms:
axm0.1:deN
axm02:d>0

Concrete m1l

variables: n

NeN
ned

invariants:
inv0_14neN
inv024{n<d

c
F o H{'<w

variables: a,b,c IL’V?,l;Ln R>0 ? —4{_{_ /f[/:@
in\_lari1ar1|ts: s 228 (A-l)-(— (lo ) -[f[ =
!nv _1j]ace he
2l Hen. RE Touo-1 | IL_in/INVI_S/INV
inv1.4 ] atb+cin ' = encc:i:C+ .
mstecie) (Fente : peibtoz L eai

Q. How many PO/VC rules for model m1? PoJE)



Discharging POs of ml: Invariant Preservation in Refinement

IL_in/invl_4/INV H v G
MmoN |l HYP

H1,H2 - G H,P + P

deN

d>0

neN

n<d
aeN

beN

ceN
a+b+c=n
a=0ve=0
a>0

=

(a-1)+(b+1)+c=n




Discharging POs of m1: Invariant Preservation in Refinement

ML |n/|nVI S/INV -_ - Q
FALSE_L OR_R2
H1 H2 - G F PvQ@Q

deN
d>0
neN
n<d
aeN
beN
ceN
a+b+c=n
a=0vec=0
a>0

=

(a-1)=0vec=0

H(F),E=F + P(F) HP+-R HQ+R
Tap.p P EQLR ORL
’ H(E),E=F ~ P(E) H,PvQ +~ R




Lecture

Reactive System: Bridge Controller

First Refinement: Convergence
New Events



Livelock Caused by New Events Diverging SHOSKED

< U
. . whip Ctime DY y
An alternative m1 (for demonstration) WETHEr
AR .
(£3
axioms: invariants: /2 § it r#pd: ffK
constants: d axm0.1:deN variables: a,b,c ::x: -; z :% d M rel
axm0.2:d>0 inV1:3;C€Z 7’ f':
C') M;}fﬂ‘jo\lc:o>
ML ot ML in . o= §
h IL.i IL_out .
" ae:‘ b<d wr::e>n 5 br:egin ::gin [( j ﬂj&bmn{
c=0 then a=a-1 b:=b-1 - Fr
then o bi=b+1 Ci=c+1 ) /pl 76 /’-)
a:=a+1 S end end P o t:
end gnd h a,fb(

A‘D"’?ﬂf 'Fmsf{?dfz <7”Ft $ “Li'o‘*{g 5)‘7?9 ‘bf }40?3%/ b"f ~ /K
wefeﬁmrctrds-. (ot (ML _out  T] o1, Do oty ﬂmwf' :’F

A (K) VB(L“('PD( 7o) i\
I a, Tl _ant, e "th,,e% (i U;Jd‘f‘iéﬁ ran lp
> (ol - desthanged. How?




Wednesday, March 22

Written Test 2 Review
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Lecture 18 - March 28

Reactive System: Bridge Controller



Announcements

e Bonus Opportunity - Course Evaluation

® ProgTest1: Andy (eMail, Zoom); Jackie (Office Hour)
e Lab3 Part 2 released b”é

® ProgTest2 —

@ Review Q&A Sessions ——
. /

lmu,z:
thr T\l
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Livelock Caused by New Events Diverging

An alternative m1l (for demonstration)

SHOCKED

axioms: invariants: < -
constants: d axm0.1:deN variables: a,b,c invil:aeZ
axm02:d>0 invi2:beZ
} invi3:ceZ
old grents
ML out '
ou : — _ = [
q <M | IL.in | IL_out
a+b<d by begin begin
c=0 then a:=a-1 b:=b-1
then i1 b:=b+1 c:=c+1 ﬁg
a:=a+1 e end end
end end

oD

Nk?if’[l)f
s - K s’

; 5&'(
Bhstiart Teasis: <92t "rf’ gk i Leofﬁﬂeablw«fsf ollowedl 6o
&MM{'@T\M‘{MS < Mc(’. IL ™, L odt IL Il-o.,{f’ LS otew
wﬁmce ; { Inelod




MWA g)m’d
st =Y erp thot” 91““‘(74 Mol 5w sz

TI\“’&W ﬁc;?a{;w&w
vaedd - v ery. tot mat chcvﬂe after |
bt oteuvercy .
@EFJD (e N> "~
wadm‘ oo
R VY R AT T e

ool 710/
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L ity Wowty Hl-sut, - _ >



Use of a Variant to Measure New Events Converging

fixed

variables: a,b,c g ‘lau L — \‘
invariants: a+b<d when ( a>0> big ML
invi1:aeN c=0 c>0 then ~ thzn_ L
invi2:beN then then —93;:51-2__ bich_1
invi3:ceN Pa:=a+1 c:=c-1 = b:=b+1 ci=C+1
!nv1_4: a+b+c=n end end end - end
invi5: a=0vc=0 TN
2 Honze: W tL /7 E & sl s?wa:o hae
- variant; 2 - b OLOunpAG
Variants for New Eventsy 2 - a + b ,r«& A il et 18 6T
B
e 2 F 20 (AL ™
<init,|ML_out,|ML_out,|IL_in, |IL_in,|IL_out,|IL_out, |ML_in,|ML_in wyl
1 dﬁf )
0=0 a:l a:?—d=|0=o a=0 0—0 a:o a:oa"e’| @'U’L O,Jﬂ';s
b=0 b=0 b= b=l.b=2 b=| b=0 b=0 b=0 wl,
; l Lo ¢ Jotcs = =2 ¢ = c= N
c=0 ¢=0 ¢c=0c=0c=Q9 c=1 ¢c=2 c=| c=0 M@
Vv = vV = vV = vV = vV = V= V= V= V= mﬁmmnnoa&pr%gg;Of

concrete events



PO of Convergence/Non-Divergence/Livelock Freedom

_7 Variant Stays (Non=Negative Variants for New Events: 2 - a + b

L in/NAT| How m‘a& NAT 105 & delterafe?

variant: V(c, w)

NEN 26+ T ets*’ ;

n <o W
AEN LN R v (=0 GN '\o «\/(l.‘,
beA Gtbtl=nt  A>0

A New Event Occurrence Decreases Variant 7Y
IL_in/VAR | ’
s ST >
"84 Gecurrences of
N ¥ new events
ne = .
i - ¥ 2-0+b

\

ben (R Bdto T 2.04b







Lecture 19 - March 30

Reactive System: Bridge Controller



-40
0 -4

Announcements 7+
° ProgTesi'l:@@ﬁ\/\ail, Zoom); Jackie (Office Hour)

e Lab3 due soon
¢ ProgTest?2




Lecture

Reactive System: Bridge Controller

First Refinement:
Relative Deadlock Freedom



Example Inference Rules

HP.Q+ R
HPAQ+R

AND_L

ks ul
Ho vl = Hapse

ART K-R




Idea of Relafi ho: W o
a of Relative Deadlock Freedom i, . yelatil L/~

M=

A
of _&M«d Sfdb\q{‘h&\ﬁ
P = I ol ot |Fuiczpes
E_I_E) /\)ﬂM/.VL % badl!
e\é"g’/ ‘(2. 2 vefrovant
Shotldl "t ;rtaddp
A ,éw( sténaviq

'f%fm eﬂge;& 7/
e (Y
L but

A(c)
I(c,v)
J(c,v,w) . 1'/7 oll




PO of Relative Deadlock Freedom
Abstract mO

variables: n ML out ML_in
w
n<d n>0
i jants: t
!"ngfnﬂj n:=n+1 ni=n-1
v :n< end end

Concrete ml

variables: a,b,c

i 9
;nv1:4; a+b+c=n a:=a+i ¢c=c-1 vlé'N (A"’L‘J A[:o>

Linvi5:la=0vec=0

74
fiedd v >0 B>
\4

a=a-1 th?:; 1 CG'LN @(a >O)
b:=b+1 ci=c+1 $ :'l 74
ﬁt—.of/ (=0 @®CL>0A4=0




Discharging POs of ml: Relative Deadlock Freedom

H1 - G

deN

a>o0

neN

n<d

aeN

beN

ceN

a+b+c=n

a=0ve=0

n<dvn>0

-
a+b<dac=0

v ¢>0

v a>0

v b>0ara=0

H1,H2 - G

MON

H(F),E=F - P(F) H,-P - Q
EQ.LR ORR
H(E),E=F - P(E) H+- PvQ
d>0
b=0vb>0
|_
b<dan0=0
v b>0A0=0




Discharging POs of ml: Relative Deadlock Freedom

H P+ R HQ+R

HPvQ+ R

H+ P H+ Q

d>0
b=0vb>0
=

b = d n0'=0

v b>0A0=0

H+- PAQ

ORLL

AND_R

H+ P

Hr PvQ

H+ Q
Hr+ PvQ

OR_R1

OR_R2

P+ E=E

EQ

HP+~P

HYP




Initial Model and 1st Refinement: Provably Correct

ML _out
when
n<d Abstract mO
then
constants: d variables: n n:=n+1
init end
begin
axioms: invariants: n:=0
axm01:deN inv01:neN end ML_in
axm02:d>0 inv02:n<d when
n>0
then
n:=n-1
end
Concrete ml
IL.in
ey S Sy TR P P
Correctness Criteria: o el VR, e
a @@= a:=a-1
 + Guard Strengthening R invariants: init e = g
9 a ) invi1:a2e¢N . a=a+1 end
~ + Invariant Establishment fvi 2:beN begln_ snd
o o . invi3:ceN a:-
-+ Invariant Preservation B axioms: i b:=0 iBm
axm0.1:d eN ivi5: a=0vc=0 ¢:=0 ML in when
~ + Convergence i axmi-2:d> 0 il when b>0
| | & || c>0 a=0
+ Relative Deadlock Freedom variants: th th
R . S R N D B O I pkf‘”f ¢ 2 &J«IAT e P
mdm'ﬂi fs - fVAK end c:i=c+1
fﬁf A a’m end




Lecture
Reactive System: Bridge Controller

2nd Refinement: State and Events



Bridge Controller: Abstraction in the 2nd Refinement

ENVA1

The system is equipped with two'traffic lights with two colors: green and red.

ENV2

The traffic lights control the entrance to the bridge at both ends of it.

Cars are not supposed to pass on a red traffic light, only on a green one.

5 T-destry oS
more abstract than ml

ml:
out | more concr

[ wv- e X presevation
2. ?Jﬂ Strta a«ﬁg
3. Urelotme VO U axo

e than m0O, more abstract than m2

m2:
more concrete

than ml




{2,232 7%
Bridge Controller: State Space of the 2nd Refinement

ENV1 | The system is equipped with two traffic lights with two colors: green and red. I
ENV2 The traffic lights control the entrance to the bridge at both ends of it.

Ox por’ (4
ENV3 Cars are not supposed to pass on a red traffic light, only on a green one. {Q - "‘ &
-l Q Ph ¢ e dﬂﬂ Dl
o[- / »30] ¢

Dynamic Part of Model  _,mant
X«

. invariantse” :
variables: inv2.1f: mi_tl e COLOUR
a,b,c inv2 2: jl_tl e COLOUR

mi_tl ~ nl

il_tl in2l3: 77 - 3:2M=> a+b<|0( A

Static Part of Model L>oA

sets: COLOR constants: red, green a=o

axioms: _‘ Exercises

axm2.1:|COLOR = {green, red} inv2__3: being allowed to exit ML(meanQ limited cars & no crash
axm2_2: green + red i ) T p— -
inv2_4: being allowed to exit IL means some car in IL & no crash




Bridge Controller: Guards of “old” Events 2nd Refinement

n
|

ML_TL

ML_out: A car exits mainland
(getting onto the bridge).

gt 4

(=0 A A+L<0l

MAINLAND

o9 © /

71\0', DMM yA
on
ves e M T
sets: COLOR constants: red, green f
IL_out: A car exits island
axioms: s .
axm2_1: COLOR = {green, red} (geh‘mg onto the brldggl
axm2_2: green + red
IL_out
when
variables: invariants: 29
aa abb CeS inv2_1: mi_tl e COLOUR then
,/ l,‘/ inv2 2: jl_tle COLOUR o= ]
H inv2.3: mitl=green=a+b<dac=0 A==
il_tl inv2.4: il ti - green=b>0Ara=0 c:i=Cc+1

end




Lecture 20 - April 4

Reactive System: Bridge Controller



Announcements

e ProgTest1: Andy (eMail, Zoom); Jackie (Office Hour)
e Lab4 released

e ProgTest2

e Exam guide to be released

e Final makeup lecture to be released



Bridge Controller: Guards of “old” Events 2nd Refinement

ML_TL

sets: COLOR

constants: red, green

axioms:

axm2_2: green + red

axm2_1: COLOR = {green, red}

variables:
a,b,c
mi_t/
il_tl

invariants:
inv2.1: mi_tle COLOUR
inv2.2: i/ -tle COLOUR
inv2.3: mi_tl=green=a+b<dac=0
inv24: i/ tl=green=b>0ra=0

ML_out: A car exits mainland
(getting onto the bridge).

IL_out: A car exits island

(getting onto the bridge).







Bridge Controller: Guards of “new” Events 2nd Refinement

ml_tl 2/ ML_tl_green:
/ turn the traffic light ml_tl to green
SN0 ML tl_green —2 Mé_‘l'é = YPd
when o
— Il=0
then
ml_tl := green d+,:>< OL
end
sets: COLOR constants: red, green
: IL_tl_green:
axioms:
:;mg_;fggér?f; {areen,red) turn the traffic light il_tl to green
IL_tl_green > 70 f'é = Yed
when
variables: invariants:
b s ] inv2.1: mi t/ e COLOUR
i inv2.2: il_tl e COLOUR then
l(lnt;t inv2.3: mi_tl=green=>a+b<darc=0 il_tl == green
- inv24: il tI=green=b>0Ara=0 end
e oo e fuvol 0}

T!._ ot



Aﬂﬂﬂt

@ ( MAINLAND
\ML- T/L

Yow ta #e  ovoler oF oents Lo vl 7
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Lecture
Reactive System: Bridge Controller

2nd Refinement: Invariant Preservation



PO/VC Rule of Invariant Preservation: Sequents

Abstract ml

variables: a,b,c [C’ V]
. ) ML_Out IL_out
when wl;)en J(C, V, |W)
invariants: a+b<d g H(c,w) |
invi1:aeN c=0 thean‘ -
invli_2:
:231_3:252 s 1 b:=b-1 E F
invid: a+b+c=n enz.—aJr Z:CH Ji(C7 (C7 V)7 (C7 W))
invi5: a=0vc=0 en
[‘_ EﬁL_ou’r inv2_4,/INV
-L— 'k? PM >Q>O A axm0.1 { deN
Concrete m2 axm02 { d>0
= Z &"’ ( axm2.1 { COLOUR = {green, red}
( axm22 { green+ red
variables: ML _out IL_out IMVO-T{"TTE
i When B ey i A &
mi_tl il_tl = green R
. = invi_2 beN
iltl thgr’ll‘ﬂ greenj then in13 { ¢ 2 N ‘JM 'ﬂl
b:=b-1 invida { a+b+c=n
invariants: |a -a+1l ci=c+1 invi5 { a=0vc=0 W- m#&
inv2.1: m/_tle COLOUR end end FTAVZT{ 1.1 ¢ COLUUR
inv22: j/_t{e COLOUR g KA / invgls % il,It/; COLOUR b 6
H 5 = nve._. mi_ll=green=a+b<dAC=
i Ly i ‘ 0\ L+l inv2.4_{ ilti-groen=b>0na=0

Concrete guards of ML_out

LA C/ C A Mp—‘fel':: Concrete invariantinvz,ﬁ'

{"mltr = green
ha

{ iltl=green=b>0n(a+1)=0

Exercise: Specify IL ou’r/lnvz B/INV ) gy oottt veposcst
At = 10 <0



Example Inference Rules




Discharging POs of m2: Invariant Preservation

deN

a>o0

COLOUR = {green, red}

green + red

neN

n<d

aeN

beN

ceN

a+b+c=n

a=0ve=0

mi_tle COLOUR

il-tI e COLOUR
mi_tl=green=a+b<dac=0
il -tI=green=b>0Aa=0
mi_tl = green

i
il_tI=green=b>0A(a+1)=0

MON

green # red

il -t/ =green=b>0ra=0
mi_tl = green

-

‘ il_tl = greenf=b>0nA (a+1) =0

ML_out/inv2_4/INV

Oﬁfaﬂrg/ dw '

IMP_R

0.+ = 3,934
[ green + red green + red
il_tl = green=b>0Ara=0 b>0Ara=0
ml_tl = green mi_tl = green
il_tl = green IMP-L il tl = green AND.L
- -
b>0A(a+1)=0 b>0A(a+1)=0

First Attempt

H+ P H+ Q H,P,Q+ R
ANDR jl————————— ANDL
Hr+ PAQ HPAQF+R
H,P,Q + R HP+ Q
IMPLJjl———— IMPR
HP,P=Q+ R H+- P=Q
green + red
b>0
a=0 SHOCKED
mi_tl = green |HYP
green + red il tl = green o U
b>0 - °
a=0 b>0
ml_tl = green AND R
il tl = green green # red * “
b b>0 green + red green + red
b>0A(a+1)=0 a=0 EQLR mi_tl = green mi_tl = green
mi_tl = green M 6N > |il-tl=green |ARI| il_tl=green |??
il _tl = green [
- (0+1)=0 1=0
(a+1)=0




Discharging POs of m2: Invariant Preservation

deN

d>0

COLOUR = {green, red}
green + red

neN

n<d

aeN

beN

ceN

a+b+c=n

a=0vec=0

mi_tl e COLOUR

il-tte COLOUR
mi_tl=green=a+b<dac=0
il_tI=green=b>0na=0
il_tl = green

.
ml_tl=green=a+(b-1)<da(c+1)=0

MON

green + red
mi_tl=green=a+b<dac=0
il_tl = green

.
mi_tl=green=a+(b-1)<da(c+1)=0

IL_out/inv2_3/INV

IMP_R

green + red green + red
mi_tl=green=a+b<dac=0 a+b<dac=0

il_tl = green IMP L il_tl = green AND L
mi_tl = green ml_tl = green

= =

a+(b-1)<da(c+1)=0 a+(b-1)<da(c+1)=0

First Attempt

H+P Hr Q H,P,Q+ R
ANDR jl————— ANDL
H+- PAQ H: PAQ+ R
HP,Q+ R H P+ Q
IMP_L IMP_R
HP,P=Q + R Hr P=>Q
green + red
a+b<d
c=0 a+b<d
il tl=green  |MON| + ARI SHOCKED
green + red mi_tl = green a+(b-1)<d
a+b<d [
c=0 a+(b-1)<d % Q
il_tl = green AND R
mi_tl = green green + red
- a+b<d green + red green + red
a+(b-1)<da(c+1)=0 c=0 EQLR il tl = green il tl = green <
iltl = green ~~ | mi_tl = green | ARI| mi_tl = green | 2?
MON
mi_tl = green - -
= 0+1)=0 1=0
(c+1)=0




Gxencisp
Understanding the Failed Proof on INV

* IL_out/inv2_3/INV _l ML_out/ inv2_4éINY :
deN deN ‘
variables: ML out IL_out a>0 a>0
2D = when COLOUR = {green, red} COLOUR = {green, red}
n;l ;‘[ when g green + red green + red
_ _ 1t = green neN neN
il it = green then nsd nsd
then bie b1 aeN SeN
) ) . . T beN beN
invariants: a:=a+1 c:=c+1 ceN eN
inv21: mi.tic COLOUR|  end i i L LoatwOgeat: , . ..,
inv2.2: jl_tle COLOUR el - a=0ve=0
i - - - mi_tl e . mi_tle COLOUR
inv23: mitl-green=a+b<dnrc=0 il tl e COLOUR. ~N\ Ll cCaLEUR
inv24: il tl=green=b>0nra=0 mi_tl = greeR=Ja+b < dh c =0 4 ) mi_tl= green=a+b<dac=0
Tl =green=D0>UAd= U " il_tl = green=b>0nra=0
il_tl = green mi_tl = green
5 -
mitl = green=a+(b-1) <dA(C+1)'[° il tl = green=b >0 (a+1) =0

Unprovable Sequent:

green # red

ISLAND MAINLAND
A il_tl = green
A m l_‘l‘l — g ree n , ML_tl_green ML _out 5 IL_in ; IL,tl,g?een ‘, ML _out )
d=2 a=2 d=2 d=2 d=2
a=0 a' =1 a=0 a=0 \ a' =1
b =0 b'=0 b’ =1 b =1 b =0
¢ =0 c'=0 c'=0 ¢ =0 c=1
mltl'=red mit’=green mi-tI'=green mi_tl'=green  mj 1’ = green ) mi_tl" = green
iltl" = red it = red il_tI" = red iltl" = red il.tl’ = green il_tI" = green




Lecture

Reactive System: Bridge Controller

2nd Refinement: Fixing the Model
Adding an Invariant



Fixing m2: Adding_an Invariant
Abstract m1

REQ3 The bridge is one-way or the other, not both at the same time.
variables: a,b,c ML out IL_out ; -
when Mo iInv2.5: mi_tl = red v il_tl = red
invariants: arb<d io
invii:aeN c=0 ha_
invi2:beN then t g
invi3:ceN a-—a+i ” _1
invid: a+b+c=n end en?il_c+
invi5: a=0vc=0
ML_out/inv2_4/INV
axm0.1 { deN
axm0_2 a>0
Concrefe mz axm2_1 COLOUR = {green, red}
axm22 { green+ red
: . inv0.1 { neN
variables: ML out IL_out invo02 { n<d
a,b,c when when invi1 { aeN
mi_tl il_tl = green invi2 { beN
il mi_tl = green then invi3 { ceN
then e B ] invid { a+tb+c=n
invariants: a=a+1 o+ kbl Selleion
ro : C:=C+ inv2.1 { mi_tle COLOUR
inv2.1: mi-tle COLOUR end end inv2.2 { il tle COLOUR
inv2 2: j/ tle COLOUR inv23 { mitl=green=a+b<dnrc=0
inv23: ml tl=green=a+b<dac=0 inv24 { ilti=green=b>0nra=0
inv24: il tl=green=b>0na=0 inv2.5 { mi_tl=redviltl = red
Concrete guards of ML_out { mi_tl = green
-

Concrete invariant inv2 4

Exercise: Specify IL_out/inv2_3/INV Wit ML ousffecin thepos e 11291000 = 0200 a1 =0



Dischara

deN

d>0

COLOUR = {green, red}
green + red

neN

n<d

aeN

beN

ceN

a+b+c=n

a=0vc=0

ml_tle COLOUR

il tl e COLOUR
mil_tl=green=a+b<dac=0
il tl=green=b>0ra=0
mil_tl=redvil-tl = red
ml_tl = green

.

il tl=green=b>0A(a+1)=0

MON

green # red

il tl=green=b>0nra=0
mi_tl = red v il_tl = red

mi_tl = green

-
il-tl=green=b>0nA(a+1)=0

IMP R

ML_out/inv2_4/INV

green # red

il tl=green=b>0Aa=0
ml_tl = green

mi_tl = red v il_tl = red

il -t = green

=

b>0n(a+1)=0

green # red
b>0nra=0

ml_tl = green

mi_tl = red v il tl = red
il -t = green

=

b>0n(a+1)=0

green # red

b>0

a=0

ml_tl = green

mi_tl = red vil_tl = red
il -t = green

-
b>0na(a+1)=0

green = red

b>0

a=0

ml_tl = green

mi_tl = red v il tl = red
il tl = green

(8

b>0

green * red

b>0

a=0

mi_tl = green

mi_tl = red v il tl = red
il _tl = green

@+n=o

POs of m2: Invariant Preservation (secondAttempt

H,—|Q - P
H-P+r Q

NOT.L

H(F),E=F ~ P(F)

green + red

mi_tl = green
mi_tl=red v il tl = red
il -t = green

-

(0+1)=0

H(E),E=F + P(E)

EQ.LR

HP+-R HQ+R

H,PvQ+ R

OR_L




Dischara

ing POs of m2: Invariant Preservation

deN

d>0

COLOUR = {green, red}
green # red

neN

n<d

aeN

beN

ceN

a+b+c=n

a=0vc=0

ml_tl e COLOUR

il e COLOUR
mi_tl=green=a+b<dac=0
il-t=green=b>0Ara=0
mi_tl = red v il tl = red

il_tl = green

-
mil_tl=green=a+(b-1)<da(c+1)=0

= green
=red vil_tl = red

MON

green # red
mi_tl=green=>a+b<dac=0
mi_tl = red v il-tl = red

il_tl = green

i

mi_tl=green=a+(b-1)<da(c+1)=0

IMP R

ASSignment

IL_out/inv2_3/INV

green = red
mi_tl=green=a+b<dnac=0
il -t = green

mi_tl = red v il_tl = red

mi_tl = green

E
a+(b-1)<da(c+1)=0

IMP_L

green = red

a+b<d

c=0

il tl = green

mi_tl = red v il tl = red
mi_tl = green

green + red
a+b<dac=0

il_tl = green

mi_tl = red v il_tl = red
mi_tl = green

=
a+(b-1)<da(c+1)=0 ;+(b_1)<dA(c+1)=o

green # red

a+b<d

c=0

il_tl = green

mi_tl = red v il_tl = red
mi_tl = green

v
a+(b-1)<d

a+b<d

i
a+(b-1)<d

green # red

a+b<d

c=0

il_tl = green

mi_tl = red v il_tl = red
mi_tl = green

.
(c+1)=0

green # red
il-tl = green

mi_tl = green
-
0+1)=0

mi_tl = red v il_tl = red Al

=
il-tl = green

mi_tl = red v il_tl = red|
mi_tl = green

H-Q+ P
——  NOTLL

H,-P + Q

H(F),E=F ~ P(F)
EQLR

H(E),E:F)— P(E)

HP+R HQ+R

OR.L

HPvQ+R




Lecture

Reactive System: Bridge Controller

2nd Refinement: Fixing the Model
Adding Actions



Fixing m2: Adding_Actions

MAINLAND

ML_tl_green/inv2_5/INV

ML_tl_green
when

ml_tl = red

a+b<d

c=0

then

mli_tl := green
il_tl:= red

-t

2=y Koo Alf=hr * %{PM
Exercise: Specify IL_tl_green/inv2_5/INV +

w0 el v

IL_tl_green
when
il_tl = red
b>0
a=0
then
il_tl := green
mi_tl := red
end

axm0_1 deN
axm0_2 d>0

axm2 1 % COLOUR = {green, red}

axm22 { green=+red
inv01 { neN
inv0_2 n<d
invi_1 E aeN
invl_ 2 beN
invi_3 { ceN
invi4 { a+b+c=n
invi5 { a=0vc=0
inv2_1 ml_tle COLOUR
inv2_2 { il_tle COLOUR

inv2 4
inv2.5 { mi_tl=redvil_tl = red

inv2_3 mi_tl=green=a+b<darc=0
il -tl=green=b>0Ara=0

ml _Jc@ ved|

Bocte: fof

VPdL VYPa:VPd

2 el




Lecture

Reactive System: Bridge Controller

2nd Refinement: Fixing the Model
Splitting Events



Invariant Preservation: IML__out/ i_nv2_3!/INV

§ ot/ o dsiedd codze,

ML_out/inv2__3/INV

axm0.1 { deN
axm0_2 da>0
axm2_1 COLOUR = {green, red}
axm22 { green+red
inv0_1 neN
inv0_2 n<d
inv1 1 } aeN
invi2 { beN

invi3 { ceN

invi4 { a+b+c=n

invi5 { a=0vc=0

inv2_1 ml_tl e COLOUR

inv2 2 il_te COLOUR

inv2_3 ml_tl=green=a+b<dac=0

inv2.4 1 il tI=green=b>0Ara=0
-

g inv25 { mi_tl=redvil tl = red
Concrete guards of ML_out { ml_tl = green

ML out || IL_out
when when
mi_tl = green thgaﬂ e

variables: then b:=b-1

a,b,C a:=a+1 N c:=c+1

mi_t! end U end

il_tl
invariants:

inv2_1: mi_tle COLOUR

inv22: jl_tle COLOUR

inv2.3: mi tl=green=a+b<darc=0

inv24: il tl=green=b>0na=

Exercise: Specify

: 2 I _outloZ3

Concrete invariant inv2_3

with ML_out’s effect in the post-state { miif = green Qg b<dnc=0

IL_out/inv 2_4;

zw.c/w/ ouley

[INV




Dlscharglnq POs of m2: Invariant Preservation

First Attempt

d eN
a>0
COLOUR = {green, red}
green + red
neN
n<d
aeN
beN
ceN
a+b+c=n
a=0vec=0
mi_tl e COLOUR
il-tte COLOUR
mi_tl=green=a+b<dac=0
il_.tI=green=b>0Aa=0
ml_tl = red v il tl = red
mi_tl = green
.
mi_tl=green=(a+1)+b<dac=0

MON

mi_tl=green=a+b<dac=0
=

| ml_tl=green|=>(a+1)+b<d/\c=0

(] fece
T _out/

( MAINLAND

| mltl=green=>a+b<darc=0 a+b<dac=0
MP R ml_tl = green IV mi_tl = green

IMP_R

— [,

(a+1)+b<dac=0 (a+1)+b<dac=0

H+ P H+ Q
AND R
H- PArQ
wz-U/
T |\/ H,P,Q - R
——  ANDL
6 HPAQ+ R
‘b H P+ Q
—— IMPR
M; H+ P=Q
a g '& { SHOCKED
ZE a+b<d g
mltl green
a+b<d -
c=0 (a+1)+b<d
AND_L | ml_tl = green AND R
- a+b<d
(a+1)+b<dac=0 c=0
mi_tl = green |HYP
e
c=0




Understanding the Failed Proof on INV

IL_out
when
il tl = green
then
b:=b-1
ci=c+1
end

variables: ML out
a,b,c when
mi_tl
il ml_tl = green
- then
invariants: a=a+1
inv2.1: ml_tl e COLOUR end
inv2 2: jl tl e COLOUR
inv2.3: mi_tl=green=1a+b<dhc=0
inv2.4: i/ t/=green=b>0Aa=0

Unprovable Sequent from ML_out/inv2_3/INV

thed
ML-out

MAINLAND

ml_tl

1592@) =

24 =3

1<}

AV mi_tl

|_

(@+1)+b<d

= green

(at)+b

34

2 T+|<

1 a+ 1))+ b < dlevaluates to true |
(A"’D'l'b -‘f—d [(a +;§ + b < d evaluates to true]

[ (a+1) + b< d evaluates to true ]
[ (a+1) + b< d evaluates to false ]
[ (a+ 1) + b< devaluates to false ]

[ (a+1) + b < d evaluates to false ]

vio wiop UL out 2llowtdl = wmd 0 := vool



Ml . ML.O*‘:

Tl _out

Fixing m2: Splitting Events ,.;:

Mot [ Meot_2 Tlot| TI_ont 7]

ML_out_1°
when
mi_tl = green
a+b+1=+d
then
a=a+1
end

ML.out2 -
when
ml_tl = green
a+b+1=d
then
a:=a+1
mi_tl := red
end

?IL_out_1 B
when . 7
il_tl = green
s b-l#
then 0

b:=b-1
ci=c+1
end

> IL_out_2
when
il_tl = green

b=1 2 L-' .

then
b:=b-1
c:=c+1
il_tl := red
end




Lecture
Reactive System: Bridge Controller

2nd Refinement: Livelock/Divergence



Current m2 May Livelock

:a:l\

ML_onf.

ML_tl_green | IL_tl_green ISLAND SLaINLReD
when 1 when
v mi_tl = red 1 il_tl = red
va+b<d 1 b>0
vc=0 1 a=0 _ ) "
then | then A_«z Fnyetfec( bol2:: o Aﬂfs" b
mi_tl := green | | il_tl := green — Kmt, m_w W’ " ,t , I
il_tl := red 1 mi_tl := red
end | end a vaﬂ apt ‘”‘"‘
oo 0. velid tuete o Wiz, Lt oty 4 ekt wﬁ g Lot Lot L
A 7 I IL..'H# A«ayfo(
( init , ML_tl_green ML out1 | IL_in , IL_tl_green |, ML_tl_green , IL_tl.green ..
d=2 d=2 d=2 a=2 d=2 d=2 d=2
a=0 = a=1 a=0 a=0 a=0 a=0
b =0 - b =0 b =1 bl = P ,_
¢'=0 tC) 8 ¢'=0 ¢'=0 .t:'::\ g'=r1\ 2]:21 W
mitl=red mt'=green MU' =green mit’'=green | mit’=red| mit'=green| mitl=red YD“
il-tl = red il_tl = red iltl" = red il-tl" = red il_tl" = green il_tl" = red il_tl" = green 0}



Fixing m2: Regulating Traffic Light Changes

Divergence Trace: <init,(MLZtl_green, ML_out_1, IL_in,{IL_tl_green,

ML _tl_green
when
mi_tl = red
wibiad ML _out_1
A when
c=0
T ml_tl = green
Lpass= 1 a+b+1+d
£n then
| ml_tl := green
il _tl := red

when
il_tl = green
b+1

then
b:=b-1
c:i=c+1
il_pass :=1

when
il_tl = green

/th:; 1

b:=b-1

V([
'fff_m?i’f If"_ﬂff,.’}‘gn,”f.“’;
\" 3
d=2 ml_pas il_pass‘ )

< init, 1 1

ML_tl_green, 0 1

ML_out_1, 1- Z

ML_out_2, il {

IL_in, l l

IL_in, I I

JUstimgreen. | T 0

IL_out_l, 7 7

IL_out_2, i 7

ML_in, it rd

ML_in 1 1

To brede #he dﬂeg&“ﬁwﬁfg}'&’\s N
a

vl



Fixing m2: Measuring Traffic Light Changes

ML _tl_green
when
ml_tl = red
a+b<d
c=0
il pass =1
then
mi_tl := green
il_tl := red
ml_pass:=0
end

IL_tl_green
when
il_tl = red
b>0
a=0
ml_pass = 1
then
il_tl := green
ml_tl := red
il_pass:=0
end

d=2 ml_pass | il_pass |variants:m/_pass+i/_pass

< init, 1 1

ML_tl_green, 0) 1

ML_out_1, - 1

ML_out_2, | 1 lo\d

IL_in, 1 Mﬁ

IL_in, 1 1

Iﬂ-_fligﬂedn, 1 o | i

IL_out_1,- 1 1 4

IL_out_2, - 1 1y | _i

ML_in, 1 1 o846

ML_in ‘ 1 1 T occurrences of

|

new events




PO of Convergence/Non-Divergence/ leelock Freedom

A New Event Occurrence Decreases Variant

“ e« i

MQ-—]NS t —ré.‘zxs

Variants: ml_pass + il_pass

ML _tl_green

when
mi_tl = red
EEY -2
@=0
il_pass =1

then
mi_tl := green
il tl:=red

ml_pass :=0
end

'_

deN

COLOUR = {green, red}
neN

aeN

a+b+c=n

mi_tl e COLOUR
mi_tl=green=a+b<darc=0
ml_tl = red v il_tl = red
ml_pass € {0,1}

ml_tl = red = ml_pass = 1
mi_tl = red

il_pass =1

0 + il_pass < ml_pass + il_pass

a>0

green + red

n<d ] wo

beN

a=0vec=0

il_tl e COLOUR

il tl=green=b>0Ana=0

il_pass € {0,1}
il_tl = red = il pass = 1

a+b<d
poce o of

ceN]ml

Mz

c=0:]

A g



Lecture

Reactive System: Bridge Controller

2nd Refinement:
Relative Deadlock Freedom



PO of Relative Deadlock Freedom

axmO0._1
axm0_2
axm2_1
axm2 2
inv0_1
inv0 2
invl 1
invl 2
invl_3
invl 4
invli 5
inv2_1
inv2 2
inv2_3
inv2 4
inv2 5
inv2 6
inv2 7
inv2 8
inv2 9

Disjunction of abstract guards

Disjunction of concrete guards

|
|
;
|
|
|
|
|
|
|

d>0

COLOUR = {green, red}

green + red

neN

a=0
mi_tl
il _tl e

ve= 0
e COLOUR
COLOUR

Abstract ml

mil_tl=green=a+b<darc=0
il_tI=green=b>0Ara=0

mi_tl =

=redvil_tl = red

ml_pass € {0,1}
il_pass e {0,1}
mi_tl = red = ml_pass = 1

il_tl =

\%

SRS

L S R S <

red = il_pass =1
a+b<dac=0}
cE10)

a>0
b>0naa=0

mltl=redhna+b<dnac= OAleass_1
ilti=redAb>0Aa= OAmlpass—1}

variables: a,b,c ML _out . IL.in IL_out
when ML.in when when
invariants: at+tb<d when a>0 g i 8
invil:aeN c=0 c>0 then -
!nvLZ:beN then then a=a-1 bi=b_1
b tdve a=a+1 ci=c-1 bi=b+1 ci=c
invid: a+b+c=n
end
invi5: a=0vc=0 end ond end
Concrete m2 | it green ML out 1 IL-out.1
= when when wh’en
ML _tl_green il_tl = red mi_tl = green il-tl = green
when b>0 a+b+1+d hb$1
mi_tl = red a-=0 then k Zr:: b1
atb<d ml_pass = 1 a:=a+1' ci=c+1
c=0 then rgl_pass =l il_pass := 1
il pass = 1 il tl:= green en end
then mi_tl := red
guards of ML out in my ITIt;ﬂ ’jgé een ’Z’—Pass =0 M'\—ﬂ;g‘;‘f IL,OlIitz
[T = en when
guards of ML'_II-) inmy mi_pass := 0 mi_tl = green il_tl = green
guards of /L_inin my end a+b+1=d b-1
guards of /L_out in my then then
a:=a+1 b:=b-1
guards of ML_t/_green in m, :;'";S’ = ; ﬁ;i J;; .
guards of IL_tl_greenin m; and Chase il pass - 1
mi_tl=greenna+b+1+d | guards of ML out 1in my end
mi_tl=greenna+b+1 = guards of ML_out 2 in m;
il_tl = green A b$1 guards of /L_out 1in m, ML.in
il tl=greennb=1 } guards of IL_out 2in m, wheno
a>0} guards of ML.inin m, mg:
c>0 guards of /L_inin my ci=c-1
end end




Discharqing POs of m2: Relative Deadlock Freedom

il_pass € {0,1}

ml_tl = red = ml_pass = 1

il tl = red = il_pass = 1
a+b<dac=0

c>0
a>o0
b>0ra=0

mitl=redna+b<dac=0nilpass=1
il-tH=redAb>0Ana=0Aml_pass=1
mi_tl = green

il-tl = green

a>0

deN deN d>0 d>0

g0 q)|d>0 > b>0 b>0

beN &. beN r' N ORR2| ’~" HYP

mi_tl = red ml_tl = red P4 d>0 d>0 B0 b>0

il-tl = red ("\ il_tl = red ("f&N ARI b>0vb=0 ORL

(nLtI:red = ml_pass =1 w {nlpass:1 s - 750 50 750

il tl = red = il_pass =1 il_pass =1 b<dvb>0 b<dvb>0 Bl

- - '__ EQ_LR,MON i OR-R1 e HYP
b<d/\ml,pass=1/\{l,pass=1 b<dAmLpass=1A{Lpass=1 bedvbso 0Zdvoso 0<d

v b>0Aml_pass=1nil_pass-=1 v b>0amlpass=1nAil_pass=1




1st Refinement and 2nd Refinement: Provably Correct

IL.in
ML_out when
ab,c when as0
a+b<d then
c=0 a=a-1
invariants: init then bi=b+1
invit:aeN begin a=a+1 end
invi2:beN 5 end
J— invi3:ceN zio
axm01:deN Il as @b i IL out
axm0 2:d > 0 invi5: a=0vc=0 ond ML.in when
when b>0
: c>0 a=0
variants: then iHian
2-a+b Er=Ea Bt
end c:i=c+1
Abstract m1 -

N N A N R N .
iCorrectness Criteria:

- + Convergence
+ Rela’rlve Deadlock FreedonL

+ Guard Strengthening
+ Invariant Establishment
i+ Invariant Preservation

% variables:
a
b
c
mi_tl
il-tl
| consams: 4 | ey
il_pass

axioms:
axm0.1:deN
axm02:d>0
axm2.1: COLOR = {green, red}
axm2_2: green + red

invariants:

inv2.1:
inv22:
inv2.3:
inv2.4:
inv25:
inv26:
|I1\l2 1778
inv2.8:
inv29:

mi_tl e COLOUR

il-tle COLOUR
ml_tl=green=a+b<dac=0
il_tI=green=b>0na=0
mi_tl=red v il tl = red

ml_pass € {0,1}

il_pass € {0,1}

mi_tl = red = ml_pass = 1

il_tl = red = il_pass = 1

ML tl_green
when
mi_tl = red
a+b<d
c=0
il pass =1
then
mi_tl := green
il_tl:= red
ml_pass:=0
end

Concrete m2 ApﬁL

®

variants:
ml_pass + il_pass

IL_tl_.green
when
il_tl = red
b>0
a=0
ml_pass = 1
then
il_tl := green
mi_tl := red
il_pass:=0
end

IL_out_1
ML out_1 when
when il-tl = green
mi_tl = green b#1 ML.in
a+b+1+d then when
then b:=b-1 c>0
a:=a+1 c:i=c+1 then
ml_pass :=1 il_pass:=1 ci=c-1
end end end
ML out2 ILout2 IL.in
when when when
mi_tl = green il_tl = green a>0
a+b+1=d [o=1 then
then then a:=a-1
a:=a+1 b:=b-1 b:=b+1
mi_tl := red c:i=c+1 end
ml_pass :=1 il tl:= red
end il_pass :=1
end




Lecture
Distributed System: File Transfer Protocol

Initial Model: State and Events



FTP: Abstraction and State Space in the Initial Model

e YIE e |. XM L o2
chronous Transmission eg- =3 | "§ \ Zdl do. 4% - f-{d, e

§yn . (2 &>s
BINITIAL SITUATIONBIFINAL SITUATION B Static Part of MOdel « d} b4
(ORI SRIS T WAy plStaarted Ancl (3,%)%

BOOLEAN | | axioms: b::l LuactA

axm0_1:n>0

axm02:fel1..nG)D
constants: (DL} Maxm0_3:BOOLEAN={TRUE, FALSE)

j’m:t e
° PO . ﬂ:%,
Dynamic Part of Model elfHY
S =
variables: g@ invariants: Wﬁ fﬁ’/‘ 5;’
!nv0_1a:gege1.. D di,
J inv0_1b : b ¢ BOOLEA
oher ol B a4 ??goml&wl &={()~,€’.2)
“w 1S5 777 aldadts G dz)}
e §=F $ Ty 12




FTP: Events of Initial Model

1 1 1 1
INITIAL SITUATION

o sets: D, BOOLEAN m
‘[g(& A s senders file ready for transmission
b
Voq g — f axioms: :
* | RECEIVER i axm01:n>0 begl /é -
X - axm02:fel1..n—>D 2271
(Am& I axm0_3 : BOOLEAN = {TRUE, FALSE} end b m t
—
| FINAL SITUATION || Seilabiss: © @
| wem | ' enders file transmitted to receiver
f
/ : | invariants: - %L’E
‘“JZ ; 1 inv0la:gegel..n»D b/
Vq E B inv0_1b: be BOOLEAN
0‘, T inv02:b=FALSE =g =2
| — inv03: b= TRUE =g - f =
| [ i




PO of Invariant Establishment init/invO_1a/INV

sets: D, BOOLEAN axioms: )'l >O
axm0_1:n>0 ’P

ot ) axm02:fel..n>D el'”‘._)V

constants: n, axmO0_3 : BOOLEAN = { TRUE, FALSE} MM = .{ WOE F&& g
’
variables: g,b invariants: !‘
\?inv0_1a':ge1..n+>D ’e |..A~P
S inv0_1b: b ¢ BOOLEAN
init inv02:b=FALSE=g=0 ¢

init/invO_2/INV

'Ef’_‘z BW inv03:b=TRUE=g-=f
enb = FALSE s a/___ ¢ A bfg T 4 (SE

Rule of Invariant Establishment n>0
A(C) Components 'ﬁ 1L N->D

_ INV K(c): effect of inits actions BoolEdn) ={TK\)E., FALSE §
Ii( C, K(C)) v’ = K(c): BAP of inits actions =

1]

Exercise: Generate Sequents from the INV rule. HL‘I' ¢




Discharging PO of Invariant Establishment

n>0
fel..n—>D
BOOLEAN = {TRUE, FALSE}

(Z)e 1 ..1.7—/+D

n>0

fel..n—>D
BOOLEAN = {TRUE, FALSE}

|_
FALSE € BOOLEAN

n>0

fel..n—D

BOOLEAN = {TRUE, FALSE}
l_

FALSE = FALSE = g =O

n>u

felt..n—=D

BOOLEAN = {TRUE, FALSE}
'_

FALSE = TRUE = g = f

n>0
init/inv0_1a/INV QRI Ee L

MU
-{mwd :

1 r—
& ol
init/inv0_1b/INV M

& oete] At

ddiw& aﬁeweﬁ

initinvo 2Ny MOK)

=
Rt FauE > 2-0

=

fre - |TREK

init/inv0_3/INV

ﬁmm&ﬂwf =T
@P=H=T
@T>T=T



PO of Invariant Preservation Rule of Invariant

Preservation

sets: D, BOOLEAN axioms: final -

axm01:n>0 when _ A(c)

axm02:fe1..n-D _b:FALSE
constants: n,f . t1en_ |

g=T. - c,v
_ 7T
variables: g, b invariants: er | —
vinv01la:gel..n»D

v,inv0_1b : b ¢ BOOLEAN
Jinvoz :b=FALSE=g=9 EXGT‘CISe

“/inv03:b=-TRUE=g~=f Generate Sequents ro m the INV rule.

ﬁnal/in\‘f{)_la/INV p final /inv0_2/INV KJKUE—) 70
150 ,g/el..ﬂvv 1150

—£A b Ii(07 E(CJ V))

1e1.N>D {fel.N=>V
BoolEdn = S TROE, FJES BoolEAN = £ TRUE; FQJES
§e1.m»D gel.neU
b€ Boolfd« b€ Boottdl
b= ;Amg_,g-ﬁ b= FAMbg-ﬁ
b=TRJE >9=-F b=TRE >9g=F
b= FASE b TAL
oy 'Y



$u.
final/invO_1a/INV ®éaﬁ5¢ final/invO_1b/INV

n>0 J (*W‘ ‘ ) n>0

fe1..@c> fel..n—>D

BOOLEAN = { TRUE, FALSE} BOOLEAN = { TRUE, FALSE}
getl..n»D MOA’I l“{‘-gv gel..n»D

b ¢ BOOLEAN | b € BOOLEAN
b=FALSE=g=g l_ b=FALSE=g =0
b=TRUE =g =f b=TRUE=g=f

b= FALSE ,Pe [LMPD b= FALSE

- ° -

fet. d»)D TRUE e BOOLEAN

n>0 meE-‘- n>0
fel..n—>D = _L fel..n->D
BO?LEAN . D{ TRUE, FALSE}} é"—L BOOLEAN = {TRUE, FALSE}
gel..n» [, gel..n+»D
2f ﬁ'gl_OSLEAN ) MOA] TWE-TRIE = _[,‘; > b e BOOLEAN
b_TRUE =>g—f® AKI_ b=FALSE=g=g
= == b=TRUE=g=f

b= FALSE

b= FALSE
'_

|_
TRUE = FALSE = f = & TR\’E—R TRUE = TRUE = f=f




Summary of the Initial Model: Provably Correct

init
begin
g=0
b:= FALSE

variables:

sets: D, BOOLEAN constants: n,f g:b end

axioms: invariants: .
axm0-1~n>o inv01la:gel..n» D final

. . when
axm0.2:fel. noD inv0_1b : b e BOOLEAN DeEAlEE

axm0_3 : BOOLEAN = { TRUE, FALSE} ko ’;ngEE:gg:fQ’ fhen

g=f
b:= TRUE
end

Correctness Criteria:
+ Invariant Establishment
+ Invariant Preservation
+ Deadlock Freedom




Lecture
Distributed System: File Transfer Protocol

1st Refinement: State, Events, Proofs



FTP: Abstraction in the 1st Refinement

mO: most abstract
The file is supposed to be made of a sequence of items.
INITIAL SITUATION| | FINAL SITUATION

SENDER SENDER

! f REQS The file is sent piece by piece between the two sites.

a a

b b g s
(e c 1A !

K
L

RECEIVER

m1l: more concrete than mO

receive receive receive

—_— —




FTP: State Space of the 1st Refinement \(,%M’a@:

l &
. ), (2,1, (3L HoNom
Static Part of Model

f f f f
sets: D, BOOLEAN constants: n,f i e |1 a @ a 1 ne® m a |1
. = 2% S & A7)
b dfiflg=n R 2 T Ot
axm0_3 : BOOLEAN = { TRUE, FALSE} & . \A‘ l QAF &*.
A : \ a 1 . a []
Dynamic Part of Model ,,\~-° Bz b2
variables: invariants: ¢ 7 ¢ { CZ A>3 ( I 2 ¢ %
b,h,r 1:red..n+1
. =* LT | 0-6 {4,060,
3.
77 K€¥ XLk b= o

\‘V

M ( wal o b «/;/ o5
X;rmses t’«ablzrlw«f &F;:(B’VW defwm AT ‘;t

invl_2: elements up to index r - 1 have been transmitted dﬂ "'p)
invl_3: transmission completed means no more elements to be transmitted

- q v/ b ’
thm1_1: transmission completed means receiver has a copy of sender’s file




FTP: Concrete Events in 2nd Refinement

init: getting the transmission ready

it |
“begin 4~ b= FANE

D heo
receive: transmitting element by element

receive

‘ \/ / Yy £
ay M _ when _
axioms: “veter’l” W"e‘ l th h = h (V) {‘ OOO -3
BXm02:f 1.0 D dwyw(-; Jeled g Mww \é
axm0_3 : BOOLEAN = {TRUE, FALSE} “ A", J'OA ?’ S
'fm YM final: finalizing ’rb?e transritésion )ﬁﬂie

variables: invariants: I#’

b,h,r invi1:rel..n+1 dfdﬂ‘_ final b- I k

hen )
inv12: h=(1..r-1)<f N> V= A+l ﬁ e

invi3: b= TRUE=r=n+1 I
— L:= Jrue

sets: D,BOOLEAN constants: n,f

ther

thmi11: b=TRUE= h=f

enda
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